Exercise 14: The Group SU(1,1) and its Algebra su(1,1)

The set of 2 x 2 matrices

[ a b . 2 12 _
g_<b* a*> with  abeC, o= [o =1

forms the group SU(1,1). The matrices are quasi-unitary as

(o 5)o=(0 5)

Vilenkin uses notation QU (2).

Parametrisation: ) .
coshZels  sinhZelz
o, B,7) = 2¢ ) 2%
9. 5,7) ( sinh g e 13 cosh g e 12
With 0 < a,v <27 and 0 < 5,00
Generators: 5
g 1 1 0 1
Ko = 5al, 2<0—1)_2"3
g 1 ( 01 > 1
Xﬁ = —| == = —01
o, 2\10
i i 1 dg
Xy = [Xa, Xp] = Zlos,01] = 7 2ioy = =502 = Xy = ==
g @ EPT Y 4 2 7T 9y,
Algebra:
[Xa’X,B] = X’Y? [X57X’Y] = —Xa, [X’WXQ] = XIB )

or with Jy := —iX,,, Jp := —iXg,J3 := —iX, Recall: [0y, 0;] = 2ig;j,0%
[J1, J2] = —iJ3, [Jo, J3] =1J1, [J3, J1] = iJo

Cartan metric: 5 o ‘ .
911 = C12C3 = (i) (=) = -1
922 = 053031 = (i)(i) = -1
g3z = ek = ()(—1) =1

Casimir: J2=_—J2—J2+ JZ is NOT bounded!!!
In contrast to SU(2) where Casimir is bounded from below

SU(1,1) is a non-compact group but locally compact

All UIR are infinite-dimensional

The UIR of SU(1,1)

Let us enumerate the UIR similar to SU(2) by label j and
choose basis diagonalising the compact operator J3

T2ljm) = G+ Dlgm), Jsljm) = m|jm)
Note j <+ —j — 1 are equivalent reps
e Continuous Principle Series: D((;%Jrip’go)
jz—%—i-ip, p>0, 506[—%,%[

specj2:—i—p2<—i, spec J3 = €9 +m, m € 7
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e Continuous Supplementary Series: pyeo

e Discrete Series: D;'

j>-1, m=j+1,7+2,... bounded below

e Discrete Series: Dj_

j>-1, m=—j—1,—73—2,... bounded above
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Exercise 15: Some litt
Let H = L*(R?) and set h = 1

Consider radial operator R :=

le calculations

(@ +@3+---@2)"*

Warm up:
[Ph, Qi) = =i0ke,  [Ph, R] = =i = —i%k = —i%k,
(@, P2 =2iP,,  Q-P=QP=PQy— [P, Q] = P-Q+1id,
P2R = RP? — [R, PP, = RP? — ( %) —i9 Py
RP2R = R?P? —iRP% —i§ - P = R*P? — i (PkRH%) % _iG. P
—R2P2 _iP.G+1-iQ-P=R2P?+1— (Q ﬁ—id) —ij. P
—R2P? i - P — (d—1)
An su(l1,1) algebra:  J; =1 (RP2 R) L h=(G P, gy=1 (R];2+R)
ik =% |RP?P-R,G-P- 51| = L [RP2G-P| -} [R,G- P|
= % [Rﬁ27QKP[} [R7 Qkpk]
=L1[R,QP)P*+ iR [ﬁz,Qépe} — 3Qk [R, Py
= 1Q ( %) P2+ SR(-2iP) P — 3Qx (%)
= IRP?—iRP? — LR = i (3RP? + 1R) = —iJ;
= 5Q [kaRﬁz} +3 [Qk,RﬁZ} Py + 5Qy (*i%)
- %Qk( )P2 +LR@iP)P, - 1R
= —irP>+iRP? — fR=1(RP- R) =11
s, ] =% [RP2+ R, RP?— R| =} [R,RP?| - 1 [RP*, R| = LR[R, P?]
— LR[R, PP+ SRP,R, P = 3R (%) P+ SRP: (i%)
—1g.P+irp 9 =15.P+1 PkRJri%) 9
:%Q-ﬁ+%ﬁ-@—%:%(é P+Q P—id+1>
—i(@-P-ift) =i
Casimir:
- 2 = 2 N 2
o= - Bagp=—t(RPP-R) - (G- P-i%t) + 4 (RP2+R)

— L |—(RP2%)? - R? + RP’R + R2P? + (RP?)? + R? + (RP2)? + R2ﬁ2]

_@ . P)? i
= J(RP?R + R*P?) —
— R2P2
= R2P2 1 i(d—2)@ -

iQ-P- 451 —(@-

+i(d-1)@- P+ (%)

Q- p) i(d—1)@- P+ (
52y
P—(Q-P?+
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Angular Momentum: Ly, = Q; P, — QpP;, = —Ly;

L? =1Lyl = XQiPy — QuP)(QiPs — QiP)
3Qi PQi Po— QP QiP, —QiP, QwP;, +Qi PQi P)
—— N N ~—
Qi Pr—id;x, P Qi+idik P;Qr+id;k QrPi—id;k

=3P —iG-P—(Q-P)(P-Q)~iQ-P—(Q-P)(P- Q) —iQ- P+ QP> ~iq - P

For class 1 representations:

LP=0l+d-2), £=0,1,23,...

Observation:
J? =L+ >(d—1)(d—-3)

35



Exercise 16: The su(1,1) symmetry of the 1/r problem in R?

H = L*(RY), [Qi, Pj] = i0;; i,j=1,2,...,d>2, (h=1)
R:=10|= (@ +Q3+---+Q)"°

The su(1,1) structure:

Let
1 . - d—1 1 —
Ji=5(RPP=R),  h=Q P-i——, J3y:=_(RP’+R)

then Exercise 15 showed that these obey an su(1,1) algebra
[J1, Jo] = —1J3, [J2, Js] = i1, [J3, J1] = 1J2

with Casimir operator
- - |
J2:—J12—J22+J§:Q2P2+i(d—2)Q-P—(Q~P)2+Z(d—1)(d—3)

Angular momentum in R%:
Let

L, = QiPy, — QP = — Ly,

then from Exercise 15 we know

d
. 1 - Lo L
L?:= 3 Y L5 =QP’+i(d-2)@-P— (G- P)
i,k=1
Note L2 has eigenvalues ¢({ +d—2),¢=0,1,2,3,... Class 1 UIR

Observation: i
Jr=1IL%+ Jd=1)(d=3)

Angular momentum eigenspace is also reps space of su(1,1)

JG+1) = Ll+d—2)+1d-1)(d-3)

P2+t = P Hld-2)+ (d?—4d+4)
(G+3)? = €+
Hence
d
i=t+4

Furthermore J3 > 0 = Dj series with integer or half-integer j for odd or even d.

The eigenvalue problem

P2 «

H =
2m R

(H-B))=0 <>  R(H-B)) =0
Consider: © := R(H — E) with O[y) =0

1 - 1
0= %RP2—Q—ER: %(JlJrJg)—E(Jg—Jl)—a
Tilting:

Oly) =0

é = e—i9J2 Geian .
) 1= o710 y)
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physical state: [v)

group state: [t)

Using . _
e 1002 61072 — T, cosh @ + J5sinh 6
o102 Jgeie‘]2 = Jzcosh 6 + J; sinh 6

(o}
|

5= (J1 cosh @ + Jysinh 6 + J; sinh 6 + J3 cosh §)

—FE (Jscosh@ + Jysinh @ — J3sinh 6 — J; cosh§) — a
= Ji(coshO(5- + E) +sinh 6(5- — E))

2m

+J3 (sinh 0(5= + E) + cosh (5 — E)) —

Considering bound states E < 0 we choose 6 such that © is independent of Ji:
1 . 1
coshf (| — + F | = —sinhf | — — F
2m 2m

1 L_}_E 2
sinh0<+E> :—coshH(Q"fi)’

L 1 ( _L)Z
tanh 6 = 2m d cosh? 9 = — 2m
e 1 — tanh20 ok

1 2
~ 55— +F 1
0 = J; (— cosh9(2"fE) + cosh 9(% —E)| -«

2m

cosh 6 1 2 1 2
= " - =+ E —~ _E _
J3ﬁ— ( <2m+ >+<2m )) «
N——

Hence
o1 = (Jsx/‘jf —a) @ L0

J3|h) = ay | ——= [¥) eigenstate of J3

Hence, we choose |¢)) = |jn) € D;r with Js|jn) =nljn), n=4+1,j+2,...
Remember
d—3 d—1

j:€+7 = n:E—i—?—i—m n.=0,1,2,...

to obtain the eigenvalues

and eigenstates

1
En—=—

2m

o) = el 2| ) —elfnalp 4 d=8 NV With tanh#, =
2

Considering scattering states with £ > 0 in essence we choose a basis diagonalising J;:

N = AN AeR
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In essence same calculation again but with J3 — J;
Result:

I = ay o2 1By, 16) =[N

. __1
Ey=—2 >0, |p)=e® 20453 N with  tanhfy = 22

B i
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Exercise 17: su(1,1) algebra of the d-dim

. harmonic oscillator

Let
1 i 1 1
him > (@ +ad) =130 (@h?-a?) 0 =5 (* T 2) ,
i=1 i=1 i=1
With help of
lai, al] = d;;
show that the J;’s close su(1, 1) algebra
[J1, Jo] = —iJ3, [Jo, J3] = 1J1, [J3, J1] = iJa
Hamiltonian: .
1
H:mz <a;rai+2> = 2hw J3 > 0

i=1
Casimir operator:

~ 59 d

L?=4J% - 7@d=9
=

. d ¢ d
+d=2)=4(G+1)-7d-4 = j=5+,-1
Hence we have the reps D;-r
Eigenstates are those of Js:
. . . . ¢ d
J3‘]m>:m‘Jm> with m=j+1+n =5+ +n;, n, € Ny

2

Eigenvalues:

Enr:2hwm:hw<2nr—l—€+2

)

Some more little calculations:

al + a;

4

With Q; = ﬁ( : ) and P = —(a; — a;)
2 2
Q? = L(al —21-(13%‘ +aia +a?) = L(a] "‘g?) +ala; +3
P? = f%(az *ajai - CLMI +aj) = *%(%T +aj) +‘%T“i +%
Summing up
d d
=) Qi=2h+2J5, P’=> P’=-2]+2J3
i=1 i=1

Consider

Q2P2 = (2Jy +2J3)(2J3 — 2J1) = 4J1.J3 + 4J3 — 42 — 4J3.J;

= 4J§ - 4J12 —A[Js, 1] = 4J§ - 4J12 —

i & <L

3 B _ T Y P T
Q-P —2;(%"‘“1)(% GZ)—ZE(%

— —2J,+1d

(@-P)? =4J3 —2idJ, — &
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Angular momentum:

L2 =@Q2P2+i(d—2)Q-P— (G- P)?
— 47} — 4T} — 4idy +i(d — 2) (Jd - 205) — 43 + 2id Ty + &
— 4T idy(—4—2(d—2)+2d) — L(d—2)+ L
=42 Ly g =4~ 4(d—4)

Lit.: A.O. Barut Dynamical Groups and Generalized Symmetries in Quantum Theory (Univ.
Canterbury, Christchurch, NZ,1972)

*** Bnd of Tutorial 5 ***
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