
Exercise 14: The Group SU(1, 1) and its Algebra su(1, 1)

The set of 2× 2 matrices

g =

(
a b
b∗ a∗

)
with a, b ∈ C , |a|2 − |b|2 = 1

forms the group SU(1, 1). The matrices are quasi-unitary as

g

(
1 0
0 −1

)
g† =

(
1 0
0 −1

)
Vilenkin uses notation QU(2).

Parametrisation:

g(α, β, γ) =

(
cosh β

2 e
iα
2 sinh β

2 e
i γ
2

sinh β
2 e

−i γ
2 cosh β

2 e
−iα

2

)
With 0 ≤ α, γ < 2π and 0 ≤ β,∞

Generators:

Xα =
∂g

∂α

∣∣∣∣
e

=
i

2

(
1 0
0 −1

)
=

i

2
σ3

Xβ =
∂g

∂β

∣∣∣∣
e

=
1

2

(
0 1
1 0

)
=

1

2
σ1

Xγ := [Xα, Xβ] =
i

4
[σ3, σ1] =

i

4
2iσ2 = −1

2
σ2 = Xγ =

∂g

∂γ

∣∣∣∣
e

Algebra:
[Xα, Xβ] = Xγ , [Xβ, Xγ ] = −Xα , [Xγ , Xα] = Xβ ,

or with J1 := −iXγ , J2 := −iXβ ,J3 := −iXα Recall: [σi, σj ] = 2iεijkσk

[J1, J2] = −iJ3 , [J2, J3] = iJ1 , [J3, J1] = iJ2

Cartan metric:
g11 = c312c

2
13 = (−i)(−i) = −1

g22 = c123c
3
21 = (i)(i) = −1

g33 = c231c
1
32 = (i)(−i) = 1

Casimir: J⃗ 2 = −J2
1 − J2

2 + J2
3 is NOT bounded!!!

In contrast to SU(2) where Casimir is bounded from below

SU(1, 1) is a non-compact group but locally compact

All UIR are infinite-dimensional

The UIR of SU(1, 1)

Let us enumerate the UIR similar to SU(2) by label j and
choose basis diagonalising the compact operator J3

J⃗ 2|jm⟩ = j(j + 1)|jm⟩ , J3|jm⟩ = m|jm⟩

Note j ↔ −j − 1 are equivalent reps

� Continuous Principle Series: D
(− 1

2
+iρ,ε0)

c

j = −1
2 + iρ , ρ > 0 , ε0 ∈ [−1

2 ,
1
2 [

spec J⃗ 2 = −1
4 − ρ2 < −1

4 , spec J3 = ε0 +m, m ∈ Z
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� Continuous Supplementary Series: D
(j,ε0)
s

j ∈ [−1
2 , 0] , ε0 ∈ [−1

2 ,
1
2 ] with |j + 1

2 | ≤
1
2 − |ε0|

spec J⃗ 2 = [−1
4 , 0] , spec J3 = ε0 +m, m ∈ Z

� Discrete Series: D+
j

j > −1 , m = j + 1, j + 2, . . . bounded below

� Discrete Series: D−
j

j > −1 , m = −j − 1,−j − 2, . . . bounded above
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Exercise 15: Some little calculations

Let H = L2(Rd) and set ℏ = 1

Consider radial operator R :=
[
Q2

1 +Q2
2 + · · ·Q2

d

]1/2
Warm up:

[Pk, Qℓ] = −iδkℓ , [Pk, R] = −i ∂r∂xk = −ixkr = −iQk
R ,

[Qk, P⃗
2] = 2iPk , Q⃗ · P⃗ = QkPk = PkQk − [Pk, Qk] = P⃗ · Q⃗+ i d ,

P⃗ 2R = RP⃗ 2 − [R,PkPk] = RP⃗ 2 − Pk

(
iQk
R

)
− iQk

R Pk ,

RP⃗ 2R = R2P⃗ 2 − iRPk
Qk
R − iQ⃗ · P⃗ = R2P⃗ 2 − i

(
PkR+ iQk

R

)
Qk
R − iQ⃗ · P⃗

= R2P⃗ 2 − iP⃗ · Q⃗+ 1− iQ⃗ · P⃗ = R2P⃗ 2 + 1− i
(
Q⃗ · P⃗ − id

)
− iQ⃗ · P⃗

= R2P⃗ 2 − 2iQ⃗ · P⃗ − (d− 1)

An su(1, 1) algebra: J1 :=
1
2

(
RP⃗ 2 −R

)
, J2 := Q⃗·P⃗−d−1

2 i , J3 :=
1
2

(
RP⃗ 2 +R

)
.

[J1, J2] = 1
2

[
RP⃗ 2 −R, Q⃗ · P⃗ − d−1

2 i
]
= 1

2

[
RP⃗ 2, Q⃗ · P⃗

]
− 1

2

[
R, Q⃗ · P⃗

]
= 1

2

[
RP⃗ 2, QℓPℓ

]
− 1

2 [R,QkPk]

= 1
2 [R,QℓPℓ] P⃗

2 + 1
2R
[
P⃗ 2, QℓPℓ

]
− 1

2Qk [R,Pk]

= 1
2Qℓ

(
iQℓ
R

)
P⃗ 2 + 1

2R (−2iPℓ)Pℓ − 1
2Qk

(
iQk
R

)
= i

2RP⃗
2 − iRP⃗ 2 − i

2R = −i
(
1
2RP⃗

2 + 1
2R
)
= −iJ3

[J2, J3] = 1
2

[
Q⃗ · P⃗ − d−1

2 i, RP⃗ 2 +R
]
= 1

2

[
QkPk, RP⃗ 2

]
+ 1

2 [QkPk, R]

= 1
2Qk

[
Pk, RP⃗ 2

]
+ 1

2

[
Qk, RP⃗ 2

]
Pk +

1
2Qk

(
−iQk

R

)
= 1

2Qk

(
−iQk

R

)
P⃗ 2 + 1

2R(2iPk)Pk −
i
2R

= − i
2RP⃗

2 + iRP⃗ 2 − i
2R = i

2

(
RP⃗ 2 −R

)
= iJ1

[J3, J1] = 1
4

[
RP⃗ 2 +R,RP⃗ 2 −R

]
= 1

4

[
R,RP⃗ 2

]
− 1

4

[
RP⃗ 2, R

]
= 1

2R[R, P⃗
2]

= 1
2R[R,Pk]Pk +

1
2RPk[R,Pk] =

1
2R
(
iQk
R

)
Pk +

1
2RPk

(
iQk
R

)
= i

2Q⃗ · P⃗ + i
2RPk

Qk
R = i

2Q⃗ · P⃗ + i
2

(
PkR+ iQk

R

)
Qk
R

= i
2Q⃗ · P⃗ + i

2 P⃗ · Q⃗− 1
2 = i

2

(
Q⃗ · P⃗ + Q⃗ · P⃗ − id+ i

)
= i
(
Q⃗ · P⃗ − id−1

2

)
= iJ2

Casimir:

J⃗2 = −J2
1 − J2

2 + J2
3 = −1

4

(
RP⃗ 2 −R

)2
−
(
Q⃗ · P⃗ − id−1

2

)2
+ 1

4

(
RP⃗ 2 +R

)2
= 1

4

[
−(RP⃗ 2)2 −R2 +RP⃗ 2R+R2P⃗ 2 + (RP⃗ 2)2 +R2 + (RP⃗ 2)2 +R2P⃗ 2

]
−(Q⃗ · P⃗ )2 + i(d− 1)Q⃗ · P⃗ + (d−1

2 )2

= 1
2(RP⃗

2R+R2P⃗ 2)− (Q⃗ · P⃗ )2 + i(d− 1)Q⃗ · P⃗ + (d−1
2 )2

= R2P⃗ 2 − iQ⃗ · P⃗ − d−1
2 − (Q⃗ · P⃗ )2 + i(d− 1)Q⃗ · P⃗ + (d−1

2 )2

= R2P⃗ 2 + i(d− 2)Q⃗ · P⃗ − (Q⃗ · P⃗ )2 + 1
4(d− 1)(d− 3)
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Angular Momentum: Lik := QiPk −QkPi = −Lki

L⃗2 := 1
2LikLik =

1
2(QiPk −QkPi)(QiPk −QkPi)

= 1
2 [Qi PkQi︸ ︷︷ ︸

QiPk−iδik

Pk −QkPi QiPk︸ ︷︷ ︸
PkQi+iδik

−QiPk QkPi︸ ︷︷ ︸
PiQk+iδik

+Qk PiQk︸ ︷︷ ︸
QkPi−iδik

Pi]

= 1
2 [Q⃗

2P⃗ 2 − iQ⃗ · P⃗ − (Q⃗ · P⃗ )(P⃗ · Q⃗)− iQ⃗ · P⃗ − (Q⃗ · P⃗ )(P⃗ · Q⃗)− iQ⃗ · P⃗ + Q⃗2P⃗ 2 − iQ⃗ · P⃗ ]

= Q⃗2P⃗ 2 − 2iQ⃗ · P⃗ − (Q⃗ · P⃗ ) (P⃗ · Q⃗)︸ ︷︷ ︸
Q⃗·P⃗−id

= R2P⃗ 2 + i(d− 2)Q⃗ · P⃗ − (Q⃗ · P⃗ )2

For class 1 representations:

L⃗2 = ℓ(ℓ+ d− 2) , ℓ = 0, 1, 2, 3, . . .

Observation:

J⃗2 = L⃗2 +
1

4
(d− 1)(d− 3)
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Exercise 16: The su(1, 1) symmetry of the 1/r problem in Rd

H = L2(Rd) , [Qi, Pj ] = iδij i, j = 1, 2, . . . , d ≥ 2 , (ℏ = 1)

R := |Q⃗| =
(
Q2

1 +Q2
2 + · · ·+Q2

d

)1/2
The su(1, 1) structure:
Let

J1 :=
1

2
(RP⃗ 2 −R) , J2 := Q⃗ · P⃗ − i

d− 1

2
, J3 :=

1

2
(RP⃗ 2 +R)

then Exercise 15 showed that these obey an su(1, 1) algebra

[J1, J2] = −iJ3 , [J2, J3] = iJ1 , [J3, J1] = iJ2

with Casimir operator

J⃗ 2 = −J2
1 − J2

2 + J2
3 = Q⃗2P⃗ 2 + i(d− 2)Q⃗ · P⃗ − (Q⃗ · P⃗ )2 + 1

4
(d− 1)(d− 3)

Angular momentum in Rd:
Let

Lik := QiPk −QkPi = −Lki
then from Exercise 15 we know

L⃗ 2 :=
1

2

d∑
i,k=1

L2
ik = Q⃗2P⃗ 2 + i(d− 2)Q⃗ · P⃗ − (Q⃗ · P⃗ )2

Note L⃗ 2 has eigenvalues ℓ(ℓ+ d− 2), ℓ = 0, 1, 2, 3, . . . Class 1 UIR
Observation:

J⃗ 2 = L⃗ 2 +
1

4
(d− 1)(d− 3)

Angular momentum eigenspace is also reps space of su(1, 1)

j(j + 1) = ℓ(ℓ+ d− 2) + 1
4(d− 1)(d− 3)

j2 + j + 1
4 = ℓ2 + ℓ(d− 2) + 1

4(d
2 − 4d+ 4)

(j + 1
2)

2 = (ℓ+ d−2
2 )2

Hence
j = ℓ+ d−3

2

Furthermore J3 ≥ 0 ⇒ D+
j series with integer or half-integer j for odd or even d.

The eigenvalue problem

H =
P⃗ 2

2m
− α

R

(H − E)|ψ⟩ = 0 ⇐⇒ R(H − E)|ψ⟩ = 0

Consider: Θ := R(H − E) with Θ|ψ⟩ = 0

Θ =
1

2m
RP⃗ 2 − α− ER =

1

2m
(J1 + J3)− E(J3 − J1)− α

Tilting:

Θ̃ := e−iθJ2 ΘeiθJ2

|ψ̃⟩ := e−iθJ2 |ψ⟩

}
Θ̃|ψ̃⟩ = 0
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physical state: |ψ⟩
group state: |ψ̃⟩
Using

e−iθJ2J1e
iθJ2 = J1 cosh θ + J3 sinh θ

e−iθJ2J3e
iθJ2 = J3 cosh θ + J1 sinh θ

⇒
Θ̃ = 1

2m (J1 cosh θ + J3 sinh θ + J1 sinh θ + J3 cosh θ)
−E (J3 cosh θ + J1 sinh θ − J3 sinh θ − J1 cosh θ)− α

= J1
(
cosh θ( 1

2m + E) + sinh θ( 1
2m − E)

)
+J3

(
sinh θ( 1

2m + E) + cosh θ( 1
2m − E)

)
− α

Considering bound states E < 0 we choose θ such that Θ̃ is independent of J1:

cosh θ

(
1

2m
+ E

)
= − sinh θ

(
1

2m
− E

)
⇒

sinh θ

(
1

2m
+ E

)
= − cosh θ

( 1
2m + E)2

1
2m − E

,

tanh θ =
E + 1

2m

E − 1
2m

and cosh2 θ =
1

1− tanh2 θ
=

(E − 1
2m)2

−2E
m

Θ̃ = J3

(
− cosh θ

( 1
2m + E)2

1
2m − E

+ cosh θ(
1

2m
− E)

)
− α

= J3
cosh θ
1
2m − E︸ ︷︷ ︸√

m
−2E

(
−
(

1

2m
+ E

)2

+

(
1

2m
− E

)2
)

︸ ︷︷ ︸
− 2E

m

−α

= J3

√
−2E
m − α

Hence

Θ̃|ψ̃⟩ =

(
J3

√
−2E

m
− α

)
|ψ̃⟩ !

= 0

⇒
J3|ψ̃⟩ = α

√
m

−2E
|ψ̃⟩ eigenstate of J3

Hence, we choose |ψ̃⟩ = |jn⟩ ∈ D+
j with J3|jn⟩ = n|jn⟩, n = j + 1, j + 2, . . .

Remember

j = ℓ+
d− 3

2
⇒ n = ℓ+

d− 1

2
+ nr nr = 0, 1, 2, . . .

to obtain the eigenvalues

n = α

√
m

−2E
⇒ En = −mα

2

2n2

and eigenstates

|ψn⟩ = eiθnJ2 |ψ̃n⟩ = eiθnJ2 |ℓ+ d−3
2 , n⟩ with tanh θn =

En+
1

2m

En− 1
2m

Considering scattering states with E > 0 in essence we choose a basis diagonalising J1:

J1|jλ⟩ = λ|jλ⟩ λ ∈ R
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In essence same calculation again but with J3 → J1
Result:

J1|ψ̃⟩ = α

√
m

2E
|ψ̃⟩ , |ψ̃⟩ = |jλ⟩

Eλ =
mα2

2λ2
≥ 0 , |ψλ⟩ = eiθλJ2 |ℓ+ d−3

2 , λ⟩ with tanh θλ =
Eλ− 1

2m

Eλ+
1

2m
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Exercise 17: su(1, 1) algebra of the d-dim. harmonic oscillator

Let

J1 :=
1

4

d∑
i=1

(
(a†i )

2 + a2i

)
, J2 := − i

4

d∑
i=1

(
(a†i )

2 − a2i

)
, J3 :=

1

2

d∑
i=1

(
a†iai +

1

2

)
,

With help of
[ai, a

†
j ] = δij

show that the Ji’s close su(1, 1) algebra

[J1, J2] = −iJ3 , [J2, J3] = iJ1 , [J3, J1] = iJ2

Hamiltonian:

H = ℏω
d∑
i=1

(
a†iai +

1

2

)
= 2ℏω J3 > 0

Casimir operator:

L⃗ 2 = 4J⃗ 2 − d

4
(d− 4)

⇒
ℓ(ℓ+ d− 2) = 4j(j + 1)− d

4
(d− 4) ⇒ j =

ℓ

2
+
d

4
− 1

Hence we have the reps D+
j

Eigenstates are those of J3:

J3|jm⟩ = m|jm⟩ with m = j + 1 + nr =
ℓ

2
+
d

4
+ nr , nr ∈ N0

Eigenvalues:

Enr = 2ℏωm = ℏω
(
2nr + ℓ+

d

2

)
Some more little calculations:

With Qi =
1√
2
(a†i + ai) and Pi =

i√
2
(a†i − ai)

Q2
i =

1
2(a

†
i

2
+ a†iai + aia

†
i + a2i ) =

1
2(a

†
i

2
+ a2i ) + a†iai +

1
2

P 2
i = −1

2(a
†
i

2
− a†iai − aia

†
i + a2i ) = −1

2(a
†
i

2
+ a2i ) + a†iai +

1
2

Summing up

Q⃗2 =
d∑
i=1

Q2
i = 2J1 + 2J3 , P⃗ 2 =

d∑
i=1

P 2
i = −2J1 + 2J3

Consider

Q⃗2P⃗ 2 = (2J1 + 2J3)(2J3 − 2J1) = 4J1J3 + 4J2
3 − 4J2

1 − 4J3J1

= 4J2
3 − 4J2

1 − 4[J3, J1] = 4J2
3 − 4J2

1 − 4iJ2

Q⃗ · P⃗ =
i

2

d∑
i=1

(a†i + ai)(a
†
i − ai) =

i

2

d∑
i=1

(a†i
2
− a2i + aia

†
i − a†iai︸ ︷︷ ︸
=1

)

= −2J2 +
i
2d

(Q⃗ · P⃗ )2 = 4J2
2 − 2idJ2 − d2

4
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Angular momentum:

L⃗2 = Q⃗2P⃗ 2 + i(d− 2)Q⃗ · P⃗ − (Q⃗ · P⃗ )2

= 4J2
3 − 4J2

1 − 4iJ2 + i(d− 2)
(
i
2d− 2J2

)
− 4J2

2 + 2idJ2 +
d2

4

= 4J⃗2 + iJ2(−4− 2(d− 2) + 2d)− d
2(d− 2) + d2

4

= 4J⃗2 − d2

4 + d = 4J⃗2 − d
4(d− 4)

Lit.: A.O. Barut Dynamical Groups and Generalized Symmetries in Quantum Theory (Univ.
Canterbury, Christchurch, NZ,1972)

*** End of Tutorial 5 ***
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