Exercise 11: Wigner’s construction of left-invariant measure
for Lie groups

Assume a left-invariant measure exists: du(g) = du(gy'9)

Then g = g(au,...,a,) and, with go fixed, g5 'g = g1 = g(e1,. .., en) with € = £(a)

Invariance implies
plat,...,an)d"a = p(e1,...,eq)d"e

- o )
E1y-+-5En
€1,...,6n) = plag, ..., ap) =———"—%
pler,- - sen) = plon ") e, )
Let Py(g) := aj function which provides the k-th parameter of group element g
Idea: Let ¢; be very small, that is, g1 = g(e1,...,€,) ~ € is very close to neutral element

Then g = gog1 = g(a)g(e)

—1
pmh”ﬂmzmgdmﬂwmwawrmmmmaw

Problem is reduced to expand functions P for small
po = p(0,...,0) is density of matrix elements near neutral element < normalisation

Example: G = SO(2)

— g(a) = cosa —sina —g(e) = cose —sine
I=9Y =\ sina CoS & 9=9E) =\ sine  cose
oP
Pgla)ge)) = Plgla+e) =a+e =  S-=1
S @) =pmae = dulg) = —d
POC—PO-—27T MQ—QW@

In general and in particular for non-abelian groups the problem is to find an explicit form
for functions Px(g(a)g(e)).
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Exercise 12: Stanley’s n-vector model on the linear chain

”Spin”:

St

S e gnl ”spin space”

SO(n) transitive transformation group
Let S = git, @ = north pole, g € SO(n)
SO(n —1) ={g € SO(n)|gri = i} massive

Invariant Haar measure dg: / dg=1
SO(n)
Invariant normalised measure on S™!:

au() = S a0

is a priori normalised probability distribution of S

”Spin interaction”:
Shall be SO(n) invariant and exchange invariant
V(8,8 =V(gS.95) = V(5,5

For example: V(5,5") = -JS - & — K(S-5")?
K = 0: Stanley’s n-vector model
K > 0: Stanley’s n-vector model on harmonic chain

Consider:
v(g) = V(gn,it) = V (i, git) = v(g™")

is a zonal spherical function as for all h, ' € SO(n — 1)
v(hgh') = V(hgh'@i, @) = V (hgil, 1) = V(gii, b~ '7i) = V (g7, 7) = v(g)

Linear chain:

Chain of N + 1 sites, each occupied by a ”spin” gj = g;7, g; € SO(n)

S S S S Si1 S §i+1 Sy §N+1
1 2 3 4 t—1 ¢ i+1 N N+1

Nearest neighbour interaction:

N
H:=) V(S 8j1) =Y v(g; gj+1)
j=1

J=1

=

Partition function:

—

20) = [ ) [ auS)e i ket

N
= d / d exp 3 —Bv(g; Lg;
/SO(n) N SO(n) N H { (gj g]+1)}

J=1
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Harmonic analysis:
L(l+n-2)

lass 1 f e AN={0,1,2,3,... de = (2¢ -2
Class 1 reps of SO(n): £ € {0,1,2,3,...}, 1= (20+n )F(€+1)I‘(n—1)
2(5n1) Z}zf dim#H* = d
As v(g) is zonal spherical function

e Pvl9) — Zde)\e Doo 9)

M(B) = /SO( )dge 7@ DEs(g)

Hence
Z(B) = / dgl"'/ dgn+1 Z Z dpy -+ dey Aoy (B) -+ Aey (B)
SO(n) (1=0 Ine
xDih(91 ' 92) - Doo (95" 95-+1)
Orthogonality:
d .ijfl -1 .ij -1 .
9i Doo (9;2195) Do (95 95+1)
SO(n)
o 05
= ZD om / dg; D (gj)DnJO (95) Dgo(95+1)
SO(n)
:6ZJ 1Zv5mn/d2j
L;
J : Z‘D gj 1 mO(g]‘f‘l)
5£ _ e _
= &eijDoo(gj,19j+1)
=

Z(B) = /SO(n) dg1 /So(n) dgn41 > de Me(B)Y Diolgr  gn1)

=0

For open boundaries:

/ dgn+1 D91 tgn+1) = / dg Dy (g) = 610

/ dg1 =1
SO(n)

Result:

with
29 = [ b [ duS)exp(~pV(S.)

For fixed boundaries: 51 = ¢g17 and §N+1 = gN+17

Zix(B) = f:de Me(B)]" Dgolgr "gn+1)

_ (sz{

] Dgo(9119N+1))

(40
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For periodic boundaries: S = §N+1 = g1 = gNi1 = Déo(gflgNH) = Déo(e) =1

)

Zix(B) = (HZd [

040

Large N limit:
Unitarity: |Df,(g)| < Dfy(g) =1

For ¢ # 0 we may conclude |A\¢(5)| < /dgeﬁv(g) = Xo(p) for all g = izgg;‘ <1
0
Free energy:
1 1 1
F(8) =~ lim g I Z(8) = — S ln o (4)
Result is valid for all classical spin models with ”spin space” = G/H with H massive and

G-invariant and exchange invariant spin-spin interaction between nearest neighbours.

Explicit results for n-vector model

Assume V (S, 5") = f(S - §'), which is most general form of invariant interaction

= V(gii, ) = v(g) = f(cos0)

r+1)rmn-2)
I't+n-2)

n—2
Dy (g) = C,7 (cosb),  Dilg) = cos§ = gii - 7i

Ae(B) = /SO( )dgefﬁv(g)Dgo(g)

~ I(m/2)L(4+1)['(n —2)
VT4 n - 2)

™ n=2
/ df sin" 2 § e AF(cos) C,? (cosf)
0

In particular:

— F(TL 2) ! (t) s
Mo(B) = ﬁF("Ql)/ldte B0 (1 - ¢2)

I'(n 1 . nes

i ):ﬁ(r(”?l [ e s

More results:

Free energy: F(3) = —% In A\g(B)

Internal energy: % (BE(B)) = —Xo(B)/2(B)

Entropy: S(8) = kB (E(B) — F(B)) = kp <ln Ao(B) = ﬁigg?)

)
" / 2

Heat capacity: ¢(f) = ﬁ2aE B — g BB [A (Bg ig(gg ]
Spin correlation: <§z : §i+r> = <D00(g; Gitr)) = G;Egg)

00 - . 1 + il(ﬁ)
Zero-field susceptibility: xo(5) = 8 (1 +2 Z<SZ : Si+T>) = 57&2

— 1-

r=1 )\0(5)

—

Next pages explicit results for harmonic chain with V(§ S )=—JS- S — K (g e )2

and ”Kicked Rotator” (classical and quantum chaos)
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Exercise 13: Wigner polynomials
Consider d; dimensional UIR of SU(2) via Euler angles acting in C*¥ 1!
D(j)(% 0,¢) = o103 =102 ~10J5

In standard basis: J3|jm) = m|jim) with (J? + J3 + J3)|im) = j(j + 1)|jm)
Matrix elements of D7:

(imI DY (p,0,9)|jn) = e dg), (B)e "
with the Wigner polynomials
A5, (0) := (jmle 102 jn)

Problem: Find explicit form of Wigner polynomials

Solution:

d%)n(@ = \/< ‘;t?: ) ( j—_:z )cosm+”gsinm_”gQF1(—j +m,j+m+ 1;m —n;sin §)

cos sin —m

_ (] + m)'(.] — m)' m—l—ng : m—ng (m—n,m+n)
B \/ G+l —n)! 2 2" (cos?)

9F(a,b;c; z) is the hypergeometric function

Pl(m’n) (z) is Jacobi polynomial
Properties:
o dih(0) = (~1)""dY,, _(6) = (—1)""di{n(6)

o d%?o(ﬁ) = (—1)mdf{3n(9) = 8;23: P (cos0) ass. Legendre Polynomial
o d((){()) (0) = Pj(cos9) Legendre Polynomial
e Vi(0,0) = % dgl)vo(ﬁ)eim“’ here [ =0,1,2,3,...

Explicitly: In order (3, —3) and (1,0 — 1) from left to right and top to bottom

0 .9
coss —sing
d(1/2)(9) = < p 3 3 )
Sin bl COS 5
cos? g —\% sin 6 sin? g
dV () = % sin 0 cos 6 —% sin 0
sin? g % sin 6 cos? g

More see: A. Lindner Drehimpulse in der QM (Teubner, Stuttgart, 1984)
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Proof:

Step 1:
92 . .
Sz tun(0) = = (ml|Je” 0% jn)
Step 2:
3G+ Ddin(0) = (Gm|T2e 02 |jn)
= (jm|(J} + J3 + J3) e 0% jn)
= (jm|J e 0% jn) — 2 d3),(0) +m>din (6)
Step 3:

Noting that (see Addendum Exercise 10)

el J? e~102 — (J1cos @ + Js sin 0)?
= JZcos? 0 + J32 sin? @ + (Jy.J3 4 J3.J1) sin 6 cos 6
= (J2 = J3 — J2)cos? 0 + JZsin? 0 4 (2J1J3 + iJo) sin 6 cos 0

(jm|J2e 0% jn) = (jm]e 10721072 12 =102 )
= (jmle10%2(J2 — J3 — J3) cos® 0] jn)
+ (jmle=10% 2| jn) sin? 0
+ (jmle” 19‘]2(2J1J3 +1Ja)|jn) sinf cos 6 '
= (308220](2 (j))d%?n(H) + cos? 08862 d(J) (0) — n? cos? Gd%?n(ﬁ)
+ n® sin” 0dyn (0)
+ 2nsin @ cos O(jm|e 1972 J;|jn) — sin 6 cos G%d%?n(ﬁ)
Step 4:
mdn(0) = (jm| Jse 0% jn)
— <jm‘eflngeleJ2 JgeflGJg ’jn>
= (jmle” 1072 (J3cosf — Jysin0)|jn)
= N cos Hd%)n —sinf(jmle” 19J2J1|]n)

Putting all together leads to a differential equation for the Wigner polynomial

3G+ Ddin(0) = = Fadin(6) + mAdihn(0)
+ cos? 03(3 + l)d%n(e) + cos? 05 a2 507 dﬁn)n(H) — n?cos? Hd%?n(H)
+ n?sin Hd(]) (0) — sinf cos edu? (0)
+ 2nsinf cos f (n cos Qd(]) — md%)n(G))

|:](]+1)Sln 6 + sin? 9892 —|—sin00059 —m? 4+ n?cos? — n?sin® 6 — 2n? cos? O + 2nm cos 6 %?n(a):o

(2 4 coty — miangmmenst (1 1)) a),(9) = 0

sin? 6
m—n\2 m+n\2 .
[(%22 +ootdy - hr — oy +j(j+1>} i (6) = 0

Hypergeometric differential eq. having Jacobi-polynomials as solution
See also QM problem for Poschl-Teller potential

*** Tnd of Tutorial 4 ***
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