
Exercise 7: Classes and Character table of D4

The group table: d4 = e = s2, dks = d4−ks

D4 e d d2 d3 s ds d2s d3s

e e d d2 d3 s ds d2s d3s
d d d2 d3 e ds d2s d3s s
d2 d2 d3 e d d2s d3s s ds
d3 d3 e d d2 d3s s ds d2s
s s d3s d2s ds e d3 d2 d
ds ds s d3s d2s d e d3 d2

d2s d2s ds s d3s d2 d e d3

d3s d3s d2s ds s d3 d2 d e

Center of D4: Z(D4) = {e, d2} ⇒ each is a class by itself {e}, {d2}
Consider element d: ⇒ {d, d3}
Consider element s: ⇒ {s, d2s}
Remaining elements: ⇒ {ds, d3s}
Conclusion: D4 has 5 classes given by

{e} , {d2} {d, d3} , {s, d2s} , {ds, d3s}

For the general case Dn see Homework 3 Problem 6a)
For the character table D4 see Homework 3 Problem 6a)

D4 {e} {d2} {d, d3} {s, d2s} {ds, d3s}
D(1,1) 1 1 1 1 1

D(1,2) 1 1 1 −1 −1

D(1,3) 1 1 −1 1 −1

D(1,4) 1 1 −1 −1 1

D(2,1) 2 −2 0 0 0

Center of a Group:

Z(G) := {z ∈ G|zg = gz ,∀g ∈ G}

Set of all group elements communting with all elements of G.

Examples:

� Z(Dn) = {e} for n odd

� Z(Dn) = {e, dn/2} for n even

� Z(SU(2)) = {−E,E} E = 2× 2 unit matrix
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Exercise 8: The Group SU(2)

Unitary complex 2× 2 matrices with unit determinant.
General ansatz:

g =

(
a b
c d

)
, a, b, c, d ∈ C

Unitarity, gg† = 1 = g†g, implies:
|a|2 + |b|2 = 1, |c|2 + |d|2 = 1, |a|2 + |c|2 = 1, |b|2 + |d|2 = 1 and a∗c+ bd∗ = 0, ab∗ + cd∗ = 0

det g = 1 implies: ad− cb = 1

Hence:
|b|2 = |c|2 and |a|2 = |d|2 ⇒ Ansatz: d = a∗eiα and c = −b∗eiβ

⇒ ab∗ + cd∗ = ab∗ − b∗aei(β−α) = 0 ⇒ α = β
⇒ ad− cb = |a|2eiα + |b|2eiα = 1 ⇒ α = 0
⇒ d = a∗ and c = −b∗ with |a|2 + |b|2 = 1

Result:

g =

(
a b

−b∗ a∗

)
, a, b ∈ C with |a|2 + |b|2 = 1

Ansatz:
a =

√
1− α⃗2 + iα3 , b = α2 + iα1

where α⃗ = (α1, α2, α3) ∈ R3 with |α⃗|2 ≤ 1.

Comments:

� Group space of SU(2) is unit ball B3 :=
{
α⃗ ∈ R3

∣∣|α⃗|2 ≤ 1
}

origin 0⃗ represents the unit element

� Group space of SU(2) is the unit sphere S3 :=
{
x⃗ ∈ R4

∣∣|x⃗|2 = 1
}

Set x⃗ = (Re a, Im a,Re b, Im b) with |x⃗2| = |a|2 + |b|2 = 1

� SU(2) is a simply connected space = every loop can be contracted to a point

� SU(2) is the universal covering group of SO(3) (see next exercise)
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Exercise 9: The Group SO(3)

Group of rotations in R3 characterised by rotation axis n⃗ = n⃗(θ, φ) and rotation angle
ω ∈ [0, 2π[:

R :
R3 → R3

x⃗ 7→ Rx⃗
with |Rx⃗|2 = |x⃗|2 and detR = 1

y

z

x

n⃗

ω

φ

θ

Note: Rotation around n⃗ by angle ω is equivalent to rotation around −n⃗ and angle 2π − ω
⇒ For SO(3) only upper half of unit sphere formed by n⃗ and only half of the equator

Group space of SO(3): ω⃗ = ωn⃗ is half of unit ball B3 with radius 2π

SU(2)

SO(3)

Group space of SO(3) is doubly connected
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Exercise 10: The Connection between SU(2) and SO(3)

Consider M := span (σ1, σ2, σ3), the vector space of traceless 2× 2 matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ1 =

(
1 0
0 −1

)
.

Consider mapping

M :
R3 → M

x⃗ 7→M(x⃗) := σ⃗ · x⃗ =

(
x3 x1 − ix2

x1 + ix2 −x3

)
Note detM(x⃗) = −|x⃗|2 and the mapping is bijective:

x⃗ = 1
2Tr (M(x⃗)σ⃗)

= e⃗1
2 Tr (M(x⃗)σ1) +

e⃗2
2 Tr (M(x⃗)σ2) +

e⃗3
2 Tr (M(x⃗)σ3)

= e⃗1
2 Tr

(
x1 − ix2 x3
−x3 x1 + ix2

)
+ e⃗2

2 Tr

(
ix1 + x2 −ix3
−ix3 −ix1 + x2

)
+ e⃗3

2 Tr

(
x3 −x1 + ix2

x1 + ix2 x3

)
= x1e⃗1 + x2e⃗2 + x3e⃗3

Homomorphism SU(2) → SO(3):

H :
SU(2) → SO(3)
g 7→ R(g)

, where M(R(g)x⃗) := gM(x⃗)g−1

Note detM(R(g))x⃗ = detM(x⃗) ⇒ |R(g)x⃗|2 = |x⃗|2. That is R(g) is rotation in R3.

Let E :=

(
1 0
0 1

)
then M(R(±E)x⃗) = (±E)M(x⃗)(±E) =M(x⃗).

Kernel of H: Z2 := {E,−E} ⊂ SU(2)
Z2 is center of SU(2): Center of G is set Z = {z ∈ G|zg = gz}, is normal subgoup

SO(3) ≃ SU(2)/Z2

Comments:

� Any multiple connected group has a unique universal covering group
see, e.g., B. Wybourn ”Classical Groups for Physicists”

� SO(3) is doubly connected ⇒ has single and double-valued reps
ℓ = 0, 1, 2, . . . single valued
ℓ = 1

2 ,
3
2 ,

5
2 , . . . double valued (= single valued for SU(2))

see, e.g., Joshi ”Elements of Group Theory for Physicists”

Representations of SO(3) in R3:
Rodriguez representation:

R(ω⃗) := 1 cosω + (1− cosω)n⃗n⃗T + sinω

 0 −n3 n2
n3 0 −n1
−n2 n1 0

 , ω⃗ = ωn⃗

or with

N :=

 0 −n3 n2
n3 0 −n1
−n2 n1 0

 ⇒ R(ω) = 1+sinωN+(1−cosω)N2 Proof!
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Example: n⃗ =

 0
0
1

 ⇒ R(ω⃗) =

 cosω − sinω 0
sinω cosω 0
0 0 1


Euler representation:

R(φ, θ, ψ) = Rz(φ)Rx(θ)Rz(ψ)

Rotations about x, y and z axis:

Rx(α) :=

 1 0 0
0 cosα − sinα
0 sinα cosα

 , Ry(α) :=

 cosα 0 − sinα
sinα 0 cosα
0 0 1

 , Rz(α) :=

 cosα − sinα 0
sinα cosα 0
0 0 1


Representations of SO(3) in L2(R3):

(D(ω⃗)ψ) (x⃗) := ψ(R−1(ω⃗)x⃗) , where D(ω⃗) = exp{−iω⃗ · L⃗/ℏ}

Angular momentum operator L⃗ = Q⃗× P⃗ , [Li, Lj ] = iℏεijkLk

Group law: D(ωn⃗)D(ω′n⃗) = D((ω + ω′)n⃗) for fixed axis
Unitarity: D−1(ω⃗) = D(−ω⃗) = D†(ω⃗)
Decomposition of Hilbert space: L2(R3) = L2(R+)⊗ L2(S2) with L2(S2) =

⊕∞
ℓ=0Dℓ

Dℓ = span {|ℓm⟩|m = −ℓ, . . . , ℓ}, dimDℓ = 2ℓ+ 1

Representations of SO(3) in Spin space C2s+1:
C2s+1 = span {|e⃗,m⟩|m = −s, . . . , s}, s = 0, 12 , 1,

3
2 , . . ..

Quantisation axis e⃗: S⃗ · e⃗|e⃗,m⟩ = mℏ|e⃗,m⟩, usually e⃗ = e⃗z
Spin operator: S⃗2 = s(s+ 1)ℏ2
UIR: D(ω⃗) = exp{−iω⃗ · S⃗/ℏ}
Rotation of quantisation axis:

D(ω⃗)(e⃗ · S⃗)D†(ω⃗) = (R(ω)e⃗) · S⃗ , D(ω⃗)|e⃗,m⟩ = |R(ω⃗)e⃗,m⟩

ADDENDUM: ℏ = 1
Proof of D(ω⃗) = exp{−iω⃗ · L⃗} = e−iφL3e−iθL2e−iωL3eiθL2eiφL3 , ω⃗ = ωn⃗(θ, φ)

• Note: L′
3 := e−iθL2L3e

iθL2 ⇒ e−iωL
′
3 = e−iθL2e−iωL3eiθL2 (use AeBA−1 = eABA−1

)
Consider:

∂L′
3

∂θ
= −ie−iθL2 (L2L3 − L3L2) e

iθL2 = e−iθL2L1e
iθL2 −→ L1 for θ → 0

∂2L′
3

∂θ2
= −ie−iθL2 (L2L1 − L1L2) e

iθL2 = −e−iθL2L3e
iθL2 = −L′

3

2. order differential eq. with initial conditions L′
3|θ=0 = L3 and

∂L′
3

∂θ

∣∣∣
θ=0

= L1

Integration yields: L′
3 = L3 cos θ + L1 sin θ

Hence

D(ω⃗) = e−iφL3e−iωL
′
3eiφL3 = exp{−iωe−iφL3(L3 cos θ + L1 sin θ)e

iφL3}
= exp{−iω(L3 cos θ + L′

1 sin θ)}
with L′

1 := e−iφL3L1e
iφL3 = L1 cosφ+ L2 sinφ

= exp{−iω(L3 cos θ + L1 sin θ cosφ+ L2 sin θ sinφ)} = exp{−iωn⃗ · L⃗}

Transformation of vector operators

exp{−iω⃗ · L⃗}V⃗ exp{iω⃗ · L⃗} = R−1(ω⃗)V⃗
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Exercise 10: Rotations in Rn and the Group SO(n)

Good reference:
N.Ja. Vilenkin, Special Functions and the Theory of Group Representations (1968)

Let x⃗ ∈ Rn be represented in polar coordinates

x1 = r sinϑn−1 sinϑn−2 · · · sinϑ2 sinϑ1
x2 = r sinϑn−1 sinϑn−2 · · · sinϑ2 cosϑ1
x3 = r sinϑn−1 sinϑn−2 · · · cosϑ2

...
xn−1 = r sinϑn−1 cosϑn−2

xn = r cosϑn−1

where

0 ≤ r <∞

0 ≤ ϑk ≤ π , k = 2, 3, . . . , n− 1

0 ≤ ϑ1 < 2π

Volume element:

dnx⃗ = rn−1dr dn−1Ω , dn−1Ω = sinn−2 ϑn−1 sin
n−3 ϑn−2 · · · sinϑ2dϑn−1 · · · dϑ1

Volume: ∫
Sn−1

dn−1Ω =
2πn/2

Γ(n/2)

Parametrisation of group elements
Let g ∈ SO(n) such that |gx⃗| = |x⃗| and det(g) = +1, i.e. represent rotation matrix in Rn

Let gk(α) be (clockwise) rotation in plane (xk − xk+1) by angle α
Then each g ∈ SO(n) can be represented by

g = g(n−1)g(n−2) . . . g(1) where g(k) := g1(θ
k
1)g2(θ

k
2) · · · gk(θkk)

0 ≤ θk1 < 2π , 0 ≤ θkj ≤ π , j = 2, 3, . . . , k

Obviously g(k) ∈ SO(k + 1) ⊂ SO(n)

Examples:
n = 2:

g = g1(θ
1
1) =

(
cos θ11 sin θ11

− sin θ11 cos θ11

)
n = 3:

g = g(2)g(1) = g1(θ
2
1)g2(θ

2
2)g1(θ

1
1)

=

 cos θ21 sin θ21 0
− sin θ21 cos θ21 0

0 0 1

 1 0 0
0 cos θ22 sin θ22
0 − sin θ22 cos θ22

 cos θ11 sin θ11 0
− sin θ11 cos θ11 0

0 0 1



Note: Number of group elements
n−1∑
k=1

k∑
j=1

1 =
n−1∑
k=1

k =
n

2
(n− 1) ⇒ dimSO(n) = n(n− 1)/2
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Consider: h = g(n−2) · · · g(1) ∈ SO(n− 1) ⊂ SO(n) that is

h =

(
SO(n− 1) 0

0 1

)
Let n⃗ = (0, 0, . . . , 0, 1)T be vector to ”north pole”, then hn⃗ = n⃗ is invariant under SO(n−1)
⇒

gn⃗ = g(n−1)n⃗ = g1(θ
n−1
1 ) · · · gn−1(θ

n−1
n−1)n⃗

= g1(θ
n−1
1 ) · · · gn−2(θ

n−1
n−2)


0
...
0

sin θn−1
n−1

cos θn−1
n−1


...

=


sin θn−1

n−1 sin θ
n−1
n−2 · · · sin θ

n−1
1

sin θn−1
n−1 sin θ

n−1
n−2 · · · cos θ

n−1
1

...

sin θn−1
n−1 cos θ

n−1
n−2

cos θn−1
n−1


Obviously x⃗/r = e⃗x = gn⃗ with ϑk = θ

(n−1)
k

Invariant Haar measure:

dg =

n∏
l=2

Γ(l/2)

2πl/2

n−1∏
k=1

 k∏
j=1

sinj−1 θkj dθ
k
j


dg = dh

Γ(n/2)

2πn/2
dn−1Ω︸ ︷︷ ︸

dΓ

dΓ: normalised SO(n)-invariant measure on Sn−1 = SO(n)/SO(n− 1),

∫
Sn−1

dΓ = 1

n = 2 : dg = 1
2π dθ11

n = 3 : dg = 1
8π2 dθ

1
1 dθ

2
1 sin θ

2
2dθ

2
2

n = 4 : dg = 1
16π4 dθ

1
1 dθ

2
1 sin θ

2
2dθ

2
2 dθ

3
1 sin θ

3
2dθ

3
2 sin

2 θ33dθ
3
3

Representations of class 1
Let H = L2(Sn−1)

H =
∞∑
ℓ=0

Hℓ , dimHℓ = (2ℓ+ n− 2)
(ℓ+ n− 3)!

ℓ!(n− 2)!
, Hℓ = span {|ℓM⟩} ,

M = (m1,m2, . . . ,mn−2) , ℓ,m1, . . . ,mn−3 ∈ N0 ,mn−2 ∈ Z , ℓ ≡ m0 ≥ m1 ≥ · · · ≥ mn−3 ≥ |mn−2|

Let e⃗x · n⃗ = cos θn−1
n−1 then with O = (0, 0, . . . , 0) and Dℓ

OO(g) = ⟨ℓO|Dℓ(g)|ℓO⟩

Dℓ
OO(g) =

ℓ!Γ(n− 2)

Γ(n+ ℓ− 2)
C

(n−2)/2
ℓ (cos θn−1

n−1) = Dℓ
OO(h1gh2) , ∀h1, h2 ∈ SO(n− 1)

form a complete set of zonal spherical functions on Sn−1, Cν
ℓ Gegenbauer polynomials.
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Hyperspherical harmonics:

YℓM (e⃗x) :=
√
dℓD

ℓ
MO(g) =

√
dℓD

ℓ
MO(gh) , ∀h ∈ SO(n− 1)

form orthonormal set on H∫
Sn−1

dΓYℓM (e⃗x)Y
∗
ℓ′M ′(e⃗x) = δℓℓ′δMM

Explicit expression

YℓM (e⃗x) = AℓM eimn−2ϑ1

n−3∏
k=0

[
C

mk+1+(n−k−2)/2
mk+mk+1

(cosϑn−k−1) sinϑn−k−1

]

A2
ℓM =

1

Γ(n/2)

n−3∏
k=0

22mk+1+n−k−4(mk −mk+1)!√
πΓ(mk+1 +mk + n− k − 2)

(n−k−2+2mk)Γ
2(mk+1+(n−k−2)/2)

Check for n = 3 with m0 = ℓ and m1 = m ∈ {−ℓ, . . . , ℓ}

Gegenbauer polynomials (or ultra-spherical polynomials):

� Hypergeometric series: Cα
n (z) =

(2α)n
n!

2F1

(
−n, 2α+ n;α+

1

2
;
1− z

2

)
Pochhammer symbol: (a)n := a(a− 1)(a− 2) · · · (a− n+ 1) =

Γ(a)

Γ(a− n)

Hypergeom. function: 2F1(a, b; c; z) :=
∞∑
n=0

(an)(b)n
(c)n

zn

n!

� Jacobi polynomials: Cα
n (z) =

(2α)n

(α+ 1
2)n

P
(α− 1

2
,α− 1

2
)

n (z)

� Generalization of Legendre polynomials: Pn(z) = C
1
2
n (z) i.e. α = 1

2

� Expansion in Rn: x⃗, y⃗ ∈ Rn x⃗ · y⃗ = xy cos θ

1

|x⃗− y⃗|n−2
=

∞∑
ℓ=0

xℓ

yℓ+n−2
C

n−2
2

ℓ (cos θ)

*** End of Tutorial 3 ***
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