Exercise 7: Classes and Character table of D,

The group table: d* = e = 52, d*s = d*~*s

Dy| e d 2 &P s ds d?’s d3s
el e d & & S ds d’s d3s
d| d d* & e ds d’s ds s
| & & e d d?s d3s s ds
| a3 e d d> ds s ds d%s
s| s d% d’s ds e @ d? d
ds | ds s d3s d’s d e d  d?
d*s | d*s ds s ds d? d e d?
d3s | d3s d?s ds S d  d? d e
Center of Dy: Z(D4) = {e,d?} = each is a class by itself {e}, {d?}
Consider element d: = {d,d}
Consider element s: = {s,d?s}
Remaining elements: = {ds,d®s}
Conclusion: Dy has 5 classes given by

{e} {d*}{d,d®} ,{s,d?s},{ds,d>s}

For the general case D,, see Homework 3 Problem 6a)
For the character table D4 see Homework 3 Problem 6a)

Dy | {e} {d?} {d,d®} {s,d?s} {ds,d®s}
DD 1 1 1 1 1
D12) 1 1 1 -1 -1
D1L3) 1 1 —1 1 -1
D14 1 1 -1 -1 1
D&Y 2 -2 0 0 0

Center of a Group:

Z(G):={z€ G|zg =gz ,Vg € G}
Set of all group elements communting with all elements of G.

Examples:
e Z(D,) = {e} for n odd
e Z(D,) = {e,d"?} for n even

e Z(SU(2))={—-E,E} E = 2 x 2 unit matrix

16



Exercise 8: The Group SU(2)

Unitary complex 2 x 2 matrices with unit determinant.

General ansatz:
a b
= ( ) ) a, bv ¢, d € C
c d

Unitarity, gg" = 1 = g'g, implies:
lal? 4+ b =1, ||+ |d|?> = 1, |a|* +|c|* = 1, [b> + |d|? = 1 and a*c+ bd* = 0, ab* + cd* = 0

det g = 1 implies: ad —cb=1

Hence: ) )
b]2 = |¢|? and |a|? = |d|? = Ansatz: d = a*e!® and ¢ = —b*el’
= ab* + cd* = ab* — b*ael('ﬁ_o‘) =0 =a=p
= ad — cb = |al?e! + |b]2e!* =1 =a=0
= d=a* and ¢ = —b* with |a|> + |b]*> = 1
Result:
a b . 2 2
g= I a,beC with la| + [b]* =1
—b* «a
Ansatz:

a=+\1-a&+iaz, b=as+im
where @ = (a1, a2, a3) € R3 with |a|? < 1.

Comments:

e Group space of SU(2) is unit ball B := {O_Z eR? }|62|2 < 1}

origin 0 represents the unit element

e Group space of SU(2) is the unit sphere $% := {Z € R* ||Z|? =1}
Set ¥ = (Rea, Ima, Reb, Imb) with |72 = |a|? + |b]? =1

e SU(2) is a simply connected space = every loop can be contracted to a point

e SU(2) is the universal covering group of SO(3) (see next exercise)
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Exercise 9: The Group SO(3)

Group of rotations in R3 characterised by rotation axis @ = 7(6, ) and rotation angle
w € [0,27]:

3 3
: ;lf:RIi, with  |R#?=|#? and detR—=1
z
7
w
o
Yy

2

T

Note: Rotation around 7 by angle w is equivalent to rotation around —# and angle 27 — w
= For SO(3) only upper half of unit sphere formed by 7 and only half of the equator

Group space of SO(3): & = wii is half of unit ball B? with radius 27

SO(3) o

SU(2)

AN
/

Group space of SO(3) is doubly connected
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Exercise 10: The Connection between SU(2) and SO(3)

Consider M := span (01, 02, 03), the vector space of traceless 2 x 2 matrices

(01 (0 —i /10
1=\10)/)> 27\i o) =\ -1 )"

Consider mapping

Note det M (#) = —|Z|? and the mapping is bijective:

i = 1Tr(M(%)5)

= GTr(M(F)or) + FTr (M(F)o2) + G Tr (M(F)os)
—Is3 1+ 1x9 —1ix3 —1T1 + 22 r1 + 129 T3

= X1€] + T2€2 + T3€3
Homomorphism SU(2) — SO(3):

SU(2) — SO(3)

: g Rlg) , where M(R(9)%) := gM(&)g "

Note det M(R(g))Z = det M (%) = |R(g)¥|* = |#|>. That is R(g) is rotation in R3.

Let E := ( 0 > then M (R(xE)Z) = (XE)M(Z)(£E) = M(Z).

Kernel of H: Z2 ={E,—-E} C SU(2)

Z is center of SU(2): Center of G is set Z = {z € G|zg = gz}, is normal subgoup
SO(3) ~ SU(2)/Z,

Comments:

e Any multiple connected group has a unique universal covering group
see, e.g., B. Wybourn ”Classical Groups for Physicists”

e SO(3) is doubly connected = has single and double-valued reps
£=0,1,2,... single valued
¢=13 5" double valued (= single valued for SU(2))
see, e.g., Joshl "Elements of Group Theory for Physicists”

Representations of SO(3) in R3:
Rodriguez representation:

0 —n3 no
R(&) :=1cosw + (1 — cosw)it’ + sinw ns 0o -nm |, @ =wn
—ng N 0
or with
0 —ns3 n9g
N = ns3 0 -m = R(w) = 1+sinwN + (1 —cosw)N? Proof!
—n2 ni 0
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0 cosw —sinw 0
Example: 7= 0 | = R(&J) =] sinw cosw 0
1 0 0 1

Euler representation:

R(Sov 0, 7!)) = RZ(@)RI(Q)RZ(lb)

Rotations about x, y and z axis:

1 0 0 cosa 0 —sina cosa —sina 0
Ry(a):=| 0 cosa —sina |,Ry(a):=| sina 0 cosa ,R.(a) :== | sina cosa 0
0 sina cosa 0 0 1 0 0 1

Representations of SO(3) in L?(R3):
(D(@)) () == Y(R™H(&)T), where D(3) = exp{—i& - L/h}

Angular momentum operator L = Q x P, [Li, Lj| = iheiji Ly,

Group law: D(wr)D(w'it) = D((w 4 w')7i) for fixed axis

Unitarity: D™1(&) = D(—&) = D'(J)

Decomposition of Hilbert space: L2(R3) = L?(R*) ® L%(S?) with L2(S?) = @y, D"
D! = span {|fm)|m = —¢,... ¢}, dim D’ =20 + 1

Representations of SO(3) in Spin space C**!:
C**1 = span{|e,m)|jm = —s,...,s}, s =0,3,1,2,.. ..
Quantisation axis & S - éle, m) = mh|é,m), usually €= €,
Spin operator: 52 = s(s + 1)h?

UIR: D(&) = exp{—i& - §/h}

Rotation of quantisation axis:

D(@)(@- §)D'(@) = (Rw))-§,  D(@)|e,m) = |R@)Em)
ADDENDUM: i = 1 S
Proof of D(@J) = exp{—i& - L} = e W¥lse 10l2o-lwlapl0laglols 5 — (,7(h), )
e Note: L} := e 10L2 [ 010Ls o o—lwLf — o=10L2o—lwLsol0Ls (use AeBA~1 = ABA™Y)
Consider:

L/ . . . .
8893 = —ie 2 (LyLy — LyLy)e!?? = e 221,25 Ly for 6 — 0
*LL 0L 07, 0L 7 0L
6023 = —ie "2 (LyLy — L1Ly) e""? = —e19"2 Lg% = — L}
2. order differential eq. with initial conditions Lg\ g—o = L3 and 687%’3 o =14

Integration yields: L4 = L3 cos + L sin@

Hence

D(@) = e~ lvLsg—lwlyglpls — exp{—iwe*i‘PL3 (L3 cos@ + Ly sin H)ei@L‘?’}
= exp{—iw(Lzcosh + L} sinh)}
with L = e ¥Ls [ ells = L) cos + Losing
= exp{—iw(L3 cos 0 + Ly sin cos p + Lo sinOsin @)} = exp{—iwfi - L}

Transformation of vector operators

exp{—i& - L}V exp{i@ - L} = R-Y@)V
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Exercise 10: Rotations in R" and the Group SO(n)

Good reference:
N.Ja. Vilenkin, Special Functions and the Theory of Group Representations (1968)

Let £ € R™ be represented in polar coordinates

r1 = rsint,_1sind,_q---sindssin
Ty = rsint,_1sinv,_9---sinds cos 0<r<oo
r3 = rsint,_1sind,_q---cosdy
where 0<Ip<m,k=2,3,....n—1
Tpo1 = rsind,_jcosty_o 0< v <27
T, = rcostd,_1

Volume element:
d"z = r"ldrd" 10, d" 1O = sin™ 29,1 sin® 3 Y, - - -sin ¥ody,_q - - - Ay

Volume:

/ 4" = 2m"/2

gn—1 I'(n/2)

Parametrisation of group elements

Let g € SO(n) such that |¢gZ| = || and det(g) = +1, i.e. represent rotation matrix in R”

Let gx(a) be (clockwise) rotation in plane (xp — zx+1) by angle a

Then each g € SO(n) can be represented by
g=g" Vg2 g where g™ = g1(67)92(65) - - 91 (6F)
0<#y<2r, 0<0i<m, j=273,...,k

Obviously g*¥) € SO(k 4 1) € SO(n)

Examples:
n=2:
cosf] sin i
— () = 1 1
9=01) ( —sinf} cos 6]
n = 3:
g =9Pg" = g1(61)92(63)91(61)
cosf? sinf? 0 1 0 0 cosf] sinfl 0
= —siné? cos6? 0 0 cosf3 sin63 —sinf} cosfi 0
0 0 1 0 —sinf3 cosb3 0 0 1
n—1 k n—1 n
Note: Number of group elements ; Zl 1= ; k= §(n —1) = dimSO(n) =n(n—1)/2
=1= =
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Consider: h = g®=2 ... ¢ € SO(n — 1) C SO(n) that is

- (0)

Let 7 = (0,0,...,0,1)T be vector to "north pole”, then hii = 7 is invariant under SO(n—1)

= 1 1
gi =g Vi =g (07N g1 (07" DA

= g1(077") - gn2(0773) 0
sin 0;‘:%
cos 92:%

: n—1 _: n—1 : n—1
sin Qn_% sin Gn_% -+ sin 6] )
RN B P

sin®),—sinf, 5 - - - cos 6]

sin "1 cos '3
cos 02:%
Obviously Z/r = €, = git with ¥, = al(ﬁnfl)

Invariant Haar measure:

n n— k
U2 T (1T i gkaoh
dg = H 512 H H sin?™" 07d6);
1=2 k=1 \j=1
_ 3 P/2)
dg = dh =12 a0
dr
dI': normalised SO(n)-invariant measure on S"~! = SO(n)/SO(n — 1), / dI'=1
Sn—1
n=2: dg = i do}
n=3: dg = # dé1 d6? sin H3d63
n=4: dg = 1617T4 d6} d6? sin 02d62 A3 sin 63d63 sin? 6303

Representations of class 1
Let H = L?(S™1)

R a0 (£ +n—3)! 0 _
’H—%’H , dim H —(2€+n—2)m, H" = span {|(M)},
M = (my,ma,...,mp2), £,my,...,my3€Nyg,my 2€Z, C=mo>my > >mp_3 > |my_g|

Let &, - il = cos#'_| then with O = (0,0,...,0) and D% (g) = (¢O|D*(g)|¢O)

1T (n —2) C(n_g)/g

IR S n—1y _ /¢ _
T(nt+(—2) ¢ (cos0,=1) = Doo(highs), Vhi,hg € SO(n—1)

Dbolg) =

form a complete set of zonal spherical functions on S™~1, C} Gegenbauer polynomials.
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Hyperspherical harmonics:

Yorr(€2) := /dy Diyo(g) = V/de Dysolgh),  Vhe SO(n—1)

form orthonormal set on H
/ dr Yonr (€)Y pp (€2) = SeorSnina
Sn—

Explicit expression

n—3
Yo (Er) = Agpy etz H [C’mk“ﬂn*kd)m(cos V1) sindy,_g_1

mg+mg41
k=0

n—3 —k—
1 22mk+1+n k 4(mk o mk+1)!

A%, =
M T (n/2) ot VAL (mpgr g+ 0~k —2)

(n—k—2+2mp)T%(mpy 1+ (n—k—2)/2)

Check for n = 3 with mg =¢ and my =m € {—¢,... ¢}

Gegenbauer polynomials (or ultra-spherical polynomials):

2 11—
e Hypergeometric series: C%(z) = (20)n 2 I (—n, 2 +nja+ 5 Z)

n! 27 2
T
Pochhammer symbol: (a), :=a(a—1)(a—2)---(a—n+1) = F(a(i)n)
o0
b n
Hypergeom. function: 9F}(a,b;c; z) := Z M z
~= (o n!
2 1,1
e Jacobi polynomials: C%(z) = %Pﬁa 2% 2)(z)
1
e Generalization of Legendre polynomials: P,(z) = C3(2) ie. a= %
e Expansion in R™: Z, 5 € R T3 =xycosb
1 z! n—2
7 — g2 Z yltn—2 Cp? (cost)
=0

*** Tnd of Tutorial 3 ***
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