Exercise 4: Eigenmodes of a Membrane

Problem: Find the eigenmodes of a quadratic membrane approximated by 9 lattice sites

&(x,y) obeys
—Af(l‘, y) = w2£(x, y)
with £(OM) =0

1) Choose proper Symmetry Group

1. 3.

4. 6.

7. 9.
g: (51)6-25"'759) GRQ =V

EV problem M E = /\5
M suitable 9 x 9 matrix

Dy = {e,d,d? d®, s, sd,sd? sd®}, d* = e =52 sd=d 's = d3s

e Basis in V:

e Representation of generators in V:

s DO (s) =

d— DO(d) =

OO =

o O O

o O O

D

0 01
010 0 0
1 00
0 01
0 010 0 as
1 00
0 01
0 0 010
1 00
0 0 1 000 0 00
0 00 0 01 0 0 0
0 00 000 0 01
010 0 00 000
0 00 010 0 00 as
0 00 0 00 010
1 00 000 0 00
0 00 1 00 0 00
0 00 0 00 1 00

o O O

S O O
= o O

3—1
22
1—3
6—4
5—5
4—6
9—7
8 —+38
7—9

3—1
6 — 2
9—3
21
59—
8 —6
17
4 — 8
7T—9

Dy

\d



Let &, := D®(g)¢ then &, is also eigenvector of M to same eigenvalue A:
MD® () = DO (g)M for all g€ Dy
M has Dy symmetry

2) UIR of D,

Without proof: Dy has four 1-dim. and one 2-dim. UIR (see Stiefel & Fissler)
ord Dy = 8 = 12 + 12 + 12 + 12 4 22 Burnside’s theorem (later)

1-dim. UIR: Notation of Stiefel &Féassler

DY . d1 trivial reps. D12 . d 1
s—1 s —1
s—1 s —1

2-dim. UIR:
2,1) cos 90°  —sin 90° _ (0 1
Dy d—= D=(d) < sin90°  cos90° 1 0

(o)

3 x 1-dim. inv. subspaces belonging to D(1:1)

s+ D@D (s)

3) Find Invariant Subspaces

0 00 010 1 01
1= 01 0 |, o= 1 0 1 , 3= 0 0 O
0 00 010 1 01

obviously D®(g)#; = &; for all g € Dy

1 x 1-dim. inv. subspace belonging to D(1:3)

01 0 DONd)g = —if
y=| -1 0 -1 1-dim. reps D13 (g)
01 0 DO (s)g =1

1 x 1-dim. inv. subspace belonging to D(1:4

-1 0 1 DO(d)z=-7%
Z = 00 O 1-dim. reps D14 (g)
1 0 -1 DO (s)z =%

2 x 2-dim. inv. subspaces belonging to D(1:2)

0 0 O 0O 1 0
G=(-101], =0 0 0],
0 0 0 0 -1 0
DO (d)it; = _ DOY()ity = —i
(9)( L po)| - < ! 1) (9)(5)%1 D)
D (d) 2 = —U1 u 1 0 D (S) 2 = U2 u




-1 1 1 0 1
U1 = 0 0|, Uy = 0 0
-1 1 -1 0 -1

DO )t = vy
DO d)t, = -y

Conclusion:
D®)(g) =3- DU (g) +1- DI (g) + 1. DY (g) +2- DED(g)
D becomes block-diagonal under change of basis

{51,52,...59,} = {fl,fg,fg,37,5,’17:1,172,171,172}

4) Constructing Operator M
dé(z,y) & —&1 _ A& d*¢(z,y) L B&G — A1 i1 — 26+ &

Remember:

dz a a dz? a? a?

Hence, with a = 1 we replace —g—ig = My& = —&-1+2& — &1, where &;11 is the excita-
tion to left /right of point ¢. If there is no left /right this is set to zero (boundary condition).
Similarly, we replace —g—;é = My, & = —&—3 + 2§ — &3, where 43 is the excitation to
above/below of point i. If there is no above/below this is set to zero (boundary condition).

The matrix M = M, + M,, is therefore represented by

Mey =4e1 — & — €y only right and below neighbor
Méy = —é1 + 4éy — €3 — &5 only left /right and below
Mes = —ey + 4é3 — €5 only left and below

Meéy = —é1 +4€y — €5 — e only right and above/below
Mes = —€5 — €4 + 4é5 — €5 — €g  all four neighbours

Meg = —€é3 — €5 + 4eg — €9 only left and above/below
Mer = —ey +4é7 — €3 only right and above

Meég = —é5 — e7 + 4és — ey only left and above/below
Meég = —ég — €3 + 4éy only left and above

Hence M in old basis is given by

4 -1 0|-1 0 O] O O O

-1 4 -1} 0 -1 0] 0 O O

0O -1 4, 0 0 -1 0 0 O

-1 0 0} 4 -1 0|-1 0 O

M = 0 -1 0|-1 4 -1, 0 -1 O
0o 0 -1 0 -1 4} 0 0 -1

o 0o o0|-1 0 0| 4 -1 O

o o o0 0 -1 0]-1 4 -1

o o0 o0 0O 0 -1} 0 -1 4

has Dy-symmetry as MD®) (g) = D) (g)M for all g € Dy (check for g = {d, s} !!)

Construct now M in new basis

0 -1 0
MZT| = Més = —€y — €1 +4€5 — e — €g = -1 4 -1 =47 — I
0 -1 0
—2 4 -2
MZy = M(€ + €4 + €6 + €3) = 4 —4 4 = —42 + 479 — 273
—2 4 =2
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4 -2 4
Mz3 =M@ +é&3+éer+éy) = -2 0 —2 | =27 +4is
4 -2 4

»@Y = gpan {Z1, &2, @3} is the invariant subspace belonging to the UIR DY)

0 4 0
Mij=M(@E—é —é+é)=| —4 0 —4 | =45 x13
0 4 0
-4 0 4
MZ = M(—¢&) + &+ & — &) = 00 0 |=4z7 x®9
4 0 —4
1 0 —1 -1 4 -1
Mt = M(*é’4+é}6) = —4 0 4 = 4il; —1; Miiy = M(é‘gfé»g) = 0 0
1 0 —1 1 —4
-4 0 4
Mv; = M(—¢€| + é3 — é7 + €9) = 2 0 -2 = —2u + 40
-4 0 4
4 -2 4
MUQZM(51+€3—€7—€9) 0 0 0 = —2iio + 47y
—4 2 —4

»@D = gpan {1, Uy, V1, V2} is the invariant subspace belonging to the UIR D@D

In new basis

4 —4 0 Tl
-1 4 -2 9
0 -2 4 T3
4 Y
M = 4 z
4 0 -2 0 U1
0 4 0 -2 u9
-1 0 4 0 V1
0 -1 0 4 V2

Note that submatrix can be written as Kronecker product

4 0 -2 0

0 4,0 —2| (4 -2 10
T 04 0 _(—1 4>®<0 1)
0 -1/ 0 4

change basis {u, ua, v1,v2} = {u1,v1,u2,v2} results in
4 —4 0 T

-1 4 =2 T2
0 -2 4 x3
)

4 -2 u9
—1 4 V9

Eigenvalues and eigenvectors are now straightforward, at most 3 x 3 matrix problem, and
are shown graphically on next page
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Compare with exact result

Ann = —(n +m?) m,n=1,2,3,
&nn(2,y) = Nppsin (m™)sin (n™)
Lowest mode
2N11én1 (%,32) =1 2N1i&n (4,22) =2 2N11én (3, 38) =1
2N11& (4, %) = V2 2N11én (5.4) =2 2N (32,4) = V2
2Nnén (4,4) =1 2N11& (4, %) = V2 2N (32,4) =1
1 V2 1
=&~ \/5 2 \/i :2fl+\/§f2+fg
1 V2 1
Quality of eigenvalues:

exact (degen.) approx. (degen.)

A2 5 4—+/2

22 _2-95 2 ST VE 99 2

Ny 2 (2) 1_2/3 (2)

Aoy 8 4

A28y 1 _C __34 3

Ny 2 (1) 1278 (3)

A3 10 4+ 2

A 2 STVE 46 2

Ny 2 (2) 1_2/3 (2)
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Exercise 5: Maschke’s Theorem

Theorem: Each representation of a finite group is equivalent to a unitary representation
with respect to scalar product

d
:foyl z,y€eVv, d=dimV

Proof: Consider a non-unitary reps D(g), that is, with () := G(g;)z, g; € G follows
(D(gi)z, D(gi)y) = (29, 4V) # (z,9)

Consider

ord G

> @@,y =" (D(g)x, D(g)y)

=1 geG

= (D'(9)D(g) z,y) =: (Hz,y) (1)
———
geG 1
with H := Z Di(g =Ht>o0
geqG

= there exists a unitary U which diagonalize H (eigenvalue problem), that is
d:=U'HU =Y U'D!(g9)UU'D(g)U =Y D¥(9)D(g) > 0
g g

As d = df > 0 operator d*/? is well defined =

(Hz,y) = (UdU"2,y) = (dU", U'y) = (d"2U"e, d'2Uty) = (La, Ly) 2)
with L := d'/2UT. Hence, D'(g) := LD(g)L~" is a unitary reps in the new basis 2’ := Lz
and y’ := Ly.

Proof:
(D'(g)a’, D'(g)y)" = (LD(g)L™"a', LD(g )L‘ )
(LD(g)x, LD(g)y) & (HD(g)x, D(9)y)

) > (D(5)D(g)z, D(5)D(g)y)
= (D(Gg)z, D(gg)y) = Y _(D(@)z, D(3)y)

<
\QQI

(:D(H%y)@(Lx,Ly) («',y) for all g € G

Corollary: Each representation D of a finite group is unitary with respect to the scalar
product

(z,y) = )Y)
ordG geG
Proof: For all gg € G
1
(D(go)z, D(go)y) = odC (D(g)D(go)z, D(g)D(g0)y)

geG

1

= — 5 2_(D(gg0)x, D(gg0)y) dG > (D )y) = (z,y)

geG geq

Comment: Extension to compact and even uni-modular groups obvious by replacing

1
G20 [ as0)
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Exercise 6: The UIRs of D,,

From homework (problem 6) we know that

D, has 4+ (% - 1) classes for n even

D, has 2+ ("T_l) classes for n odd

From Burnside we know

4.1% + ﬁ—1)-22 n even
o 2 _ p)
oran—Qn—Zdj { 212+ (251) - 22 n odd
J
So we expect for
n even: 4 1-dim. and (n/2 — 1) 2-dim. UIR
n odd: 2 1-dim. and (n —1)/2 2-dim. UIR
From exercise 4 we potentially know four 1-dim. UIR
1-dimensional UIRs
n even:
DNy =1, DOL(s)=1
DU2(d) =1, DOA(s)=—1
D3 (d) = -1, DU (s) =1
DUA(d) = -1, DLA(s) 1
n odd:

DIV(d) =1, DOD(s) =1
DI (d) =1, DI (s)=-1

Obviously the last two of case n even cannot be reps for n odd as d” = e

2-dimensional UIRs

n even: Ansatz

~ —_ 3 7n
D(21r) (d) _ C(.)S (7% S1n (67% Wlth ay = 27_(_7 as dTL —e
SN Gy COS Oy n

Note that rotation by ¢ and 27 — ¢ are equivalent due to s = a, < 7
=r=123,...,n/2-1

Recall also

Equivalent reps:

1 /1 i)\ = 1 1 —i e2mir/n 0
@negy — 1 @2,r) _ ,
D7) (d) 2( ] )p (d)\/§<—i 1) ( . e_%wn)

o= (2 (4 4)-(4)

n odd: Same as above but now r =1,2,3,...,(n—1)/2 as a, = 271 /n < 7.

wr-(14)

*** Bind of Tutorial 2 ***

Comment: In literature often
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