
4. Solution to Homework in ”Group Theory for Physicists” SoSe 25

Problem 9: Characters of SO(3) and SU(2)

a) Let D be a representation of SO(3) ≃ SU(2) then

D(R(ω⃗)) = D(Re−iφJ3)D(Re−iθJ2)D(Re−iωJ3)D(ReiθJ2)D(ReiφJ3)

and

χ(R(ω⃗)) = TrD(R(ω⃗)) = Tr
[
D(Re−iωJ3)

]
= χ(ω) #

b)

χj(ω) = TrDj(R) =

j∑
m=−j

⟨jm|e−iωJ3|jm⟩

=

j∑
m=−j

e−iωm = e−iωj

2j+1∑
k=0

(eiω)k geom. series

= e−iωj 1− eiω(2j+1)

1− eiω
=

e−iω(j+ 1
2
) − eiω(j+

1
2
)

e−
i
2
ω − e

i
2
ω

=
sin(j + 1

2
)ω

sin ω
2

#

c)

χj1(ω)χj2(ω) =
e−iω(j1+

1
2
) − eiω(j1+

1
2
)

2i sin ω
2

j2∑
m=−j2

eiωm

let j1 ≥ j2 without loss of generlity

=
1

2i sin ω
2

j2∑
m=−j2

(
eiω(j1+m+ 1

2
) − e−iω(j1+m+ 1

2
)
)

set j = j1 +m

=
1

2i sin ω
2

j1+j2∑
j=j1−j2

(
eiω(j+

1
2
) − e−iω(j+ 1

2
)
)

=

j1+j2∑
j=j1−j2

sin(j + 1
2
)ω

sin ω
2

=

j1+j2∑
j=|j1−j2|

χj(ω)

as LHS is symmetric in j1 ↔ j2

Hence the addition of two angular momenta representation spaces is given by the reduction

Dj1 ⊗Dj2 =

j1+j2⊕
j=|j1−j2|

Dj



Problem 10: Generators of SO(3) for j = 1 (3-dim. representation)

Explicit calculations result in

L1L2 =


0 0 0

−1 0 0

0 0 0

 , L2L1 =


0 −1 0

0 0 0

0 0 0

 ,

L2L3 =


0 0 0

0 0 0

0 −1 0

 , L3L2 =


0 0 0

0 0 −1

0 0 0

 ,

L3L1 =


0 0 −1

0 0 0

0 0 0

 , L1L3 =


0 0 0

0 0 0

−1 0 0

 ,

L2
1 =


0 0 0

0 1 0

0 0 1

 , L2
2 =


1 0 0

0 0 0

0 0 1

 , L2
3 =


1 0 0

0 1 0

0 0 0

 ,

a)

[L1, L2] =


0 1 0

−1 0 0

0 0 0

 = iL3

[L2, L3] =


0 0 0

0 0 1

0 −1 0

 = iL1

[L3, L1] =


0 0 −1

0 0 0

1 0 0

 = iL2



[Lk, Lm] = iεkmnLn

b) L2
k is unit matrix in subspace orthogonal to the k-axis and

vanishes on the one-dim. subspace spanned by the k-axis

Hence its matrix elements are given by

(
L2
k

)
mn

= δmn − δkmδkn



Obviously

L0
k = 1 and L2m

k = L2
k for m = 1, 2, 3, . . .

and

L2m+1
k = Lk for m = 0, 1, 2, 3, . . .

c)

exp{−iφLk} =
∞∑
n=0

1

n!
(−iφLk)

n =
∞∑

m=0

1

(2m)!
(−iφLk)

2m +
∞∑

m=0

1

(2m+ 1)!
(−iφLk)

2m+1

= 1− L2
k︸ ︷︷ ︸

m=0 term

+L2
k

∞∑
m=0

(−1)m

(2m)!
φ2m

︸ ︷︷ ︸
cosφ

+(−iLk)
∞∑

m=0

(−1)m

(2m+ 1)!
φ2m+1

︸ ︷︷ ︸
sinφ

= 1 + L2
k(cosφ− 1)− iLk sinφ #

Explicitly

exp{−iφL1} =


1 0 0

0 cosφ 0

0 0 cosφ

−


0 0 0

0 0 sinφ

0 − sinφ 0

 =


1 0 0

0 cosφ − sinφ

0 sinφ cosφ



exp{−iφL2} =


cosφ 0 0

0 1 0

0 0 cosφ

−


0 0 − sinφ

0 0 0

sinφ 0 0

 =


cosφ 0 sinφ

0 1 0

− sinφ 0 cosφ



exp{−iφL3} =


cosφ 0 0

0 cosφ 0

0 0 1

−


0 sinφ 0

− sinφ 0 0

0 0 0

 =


cosφ − sinφ 0

sinφ cosφ 0

0 0 1



Tr
[
e−iφLk

]
= Tr

[
1 + L2

k(cosφ− 1)− iLk sinφ
]
= 3 + 2(cosφ− 1) = 1 + 2 cosφ

χ1(φ) =
sin 3

2
φ

sin φ
2

=
3 sin φ

2
− 4 sin2 φ

2

sin φ
2

= 3− 4 sin2 φ
2
= 1 + 2(1− sin2 φ

2
) = 1 + 2 cosφ #



Problem 11: Generators of SO(3) in L2(R3)

a) Use result of problem 10c)

exp{−iδαaLa} = 1 + L2
a(cos δα

a − 1)− iLa sin δα
a ≈ 1− iLaδα

a +O((δα)2)

Hence

g(δ⃗α) ≈ 1− i
3∑

a=1

δαaLa = 1 +


0 −δα3 δα2

δα3 0 −δα1

−δα2 δα1 0


b)

δx⃗ = x⃗ ′ − x⃗ =


0 −δα3 δα2

δα3 0 −δα1

−δα2 δα1 0




x1

x2

x3

 =


−x2δα

3 + x3δα
2

x1δα
3 − x3δα

1

−x1δα
2 + x2δα

1

 =:


δx1

δx2

δx3


Hence

X1 = −
3∑

k=1

δxk

δα1

∂k = x3∂2 − x2∂3

X2 = −
3∑

k=1

δxk

δα2

∂k = x1∂3 − x3∂1

X3 = −
3∑

k=1

δxk

δα3

∂k = x2∂1 − x1∂2


X⃗ = −x⃗× ∇⃗ =

1

iℏ
x⃗× p⃗ =

1

iℏ
L⃗

c) As Xi = −εijkxj∂k (sum over repeated indices) =⇒

[Xi, Xj] = εilmεjkn[xl∂m, xk∂n]

Consider

[xl∂m, xk∂n] = xl∂mxk∂n − xk∂nxl∂m

= xl

(
δkm + xk∂m

)
∂n − xk

(
δnl + xl∂n

)
∂m

= δkmxl∂n − δnlxk∂m



Hence

[Xi, Xj] = εilmεjkn (δkmxl∂n − δnlxk∂m)

= εilkεjknxl∂n − εilmεjklxk∂m

use εjkn = −εjnk and εilm = −εiml

= εimlεjklxk∂m − εilkεjnkxl∂n

use εrstεuvt = (δruδsv − δrvδsu)

=
(
δijδmk − δikδmj

)
xk∂m −

(
δijδln − δinδlj

)
xl∂n

= δinδljxl∂n − δikδmjxk∂m

replace in 1. term n → m, l → k

= (δimδjk − δikδjm)︸ ︷︷ ︸
εijrεmkr

xk∂m

= −εijrεrkmxk∂m = εijrXr =⇒ c r
ij = εijr #

Cartan metric:

gkl := c s
kr c

r
ls = εkrsεlsr = −εkrsεlrs

= − (δklδrr − δkrδrl)

= − (3δkl − δkl) = −2δkl #

Metric tensors:

(gkl) =


−2 0 0

0 −2 0

0 0 −2

 (
gkl

)
=


−1

2
0 0

0 −1
2

0

0 0 −1
2


Casimir operator:

C := gklXkXl = −1
2
X⃗ 2 = 1

2ℏ L⃗
2



Problem 12: Generators of SO(4) in L2(R4)

General considerations:

Let x = (x1, x2, . . . , xn) ∈ Rn, xµ and ∂µ denote coordinate and derivative, respectively.

Consider operator

Lµν := xµ∂ν − xν∂µ

Obviously, Lµν is generator of rotation in xµ − xν-plane

=⇒ set of all Lµν = −Lνµ generates rotations in Rn

There exist n(n− 1)/2 independent generators of SO(n).

Derivation of the so(n) algebra:

[Lµν , Lρσ] = (xµ∂ν − xν∂µ) (xρ∂σ − xσ∂ρ)− (xρ∂σ − xσ∂ρ) (xµ∂ν − xν∂µ)

= xµ∂νxρ∂σ − xµ∂νxσ∂ρ − xν∂µxρ∂σ + xµ∂νxσ∂ρ

−xρ∂σxµ∂ν + xρ∂σxν∂µ + xσ∂ρxµ∂ν − xσ∂ρxν∂µ

= xµ

(
δνρ + xρ∂ν

)
∂σ − xµ

(
δνσ + xσ∂ν

)
∂ρ − xν

(
δµρ + xρ∂µ

)
∂σ + xν

(
δµσ + xσ∂µ

)
∂ρ

−xρ

(
δµσ + xµ∂σ

)
∂ν + xρ

(
δνσ + xν∂σ

)
∂µ + xσ

(
δµρ + xµ∂ρ

)
∂ν − xσ

(
δνρ + xν∂ρ

)
∂µ

= δνρ (xµ∂σ − xσ∂µ)− δνσ (xµ∂ρ − xρ∂µ)− δµρ (xν∂σ − xσ∂ν) + δµσ (xν∂ρ − xρ∂ν)

= δνρLµσ − δνσLµρ − δµρLνσ + δµσLνρ

a) Now n = 4 and (x1, x2, x3, x4) = (x, y, z, t) ∈ R4

We identify

M1 = L32 M2 = L13 M3 = L21

N1 = L14 N2 = L24 N3 = L34

Now we can use above result of so(n) algebra:

[M1,M2] = [L32, L13] = L21 = M3

[M2,M3] = [L13, L21] = L32 = M1

[M3,M1] = [L21, L32] = L13 = M2

 [Mi,Mj] = εijkMk

[M1, N1] = [L32, L14] = 0

[M2, N2] = [L13, L24] = 0

[M3, N2] = [L21, L34] = 0

 [Mi, Ni] = 0



[M1, N2] = [L32, L24] = L34 = N3

[M2, N3] = [L13, L34] = L14 = N1

[M3, N1] = [L21, L14] = L24 = N2

[M1, N3] = [L32, L34] = L24 = −N3

[M2, N1] = [L13, L14] = L34 = −N1

[M3, N2] = [L21, L24] = L14 = −N2


[Mi, Nj] = εijkNk

[Ni, Nj] = [Li4, Lj4] = −Lij = Lji = εijkMk

b) Let Jk :=
1
2
(Mk +Nk)

4[Jk, Jl] = [Mk +Nk,Ml +Nl]

= [Mk,Ml] + [Mk, Nl] + [Nk,Ml] + [Nk, Nl]

= εklmMm + εklmNm − εlkmNm + εklmMm

= εklm(2Mm + 2Nm) = 4εklmJm

=⇒ [Jk, Jl] = εklmJm so(3)− algebra

Let Ki :=
1
2
(Mi −Ni)

4[Ki, Kj] = [Mi −Ni,Mj −Nj]

= [Mi,Mj]− [Mi, Nj]− [Ni,Mj] + [Ni, Nj]

= εijkMk − εijkNk + εjikNk + εijkMk

= 2εijk(Mk −Nk) = 4εijkKk

=⇒ [Ki, Kj] = εijkKk so(3)− algebra

Finally we show the decoupling of both subalgebras

[Ji, Kj] = [Mi +Ni,Mj −Nj]

= [Mi,Mj]− [Mi, Nj] + [Ni,Mj]− [Ni, Nj]

= εijkMk − εijkNk − εjikNk − εijkMk

= 0

=⇒ so(4) = so(3)⊕ so(3)



Casimir operators of so(4)

We have two Casimir from both so(3) algebras:

J⃗ 2 = J2
1 + J2

2 + J2
3 , K⃗ 2 = K2

1 +K2
2 +K2

3

The corresponding labels of their UIR are j, k = 0, 1
2
, 1, 3

2
, . . .

Hence, the UIR of so(4) can be denoted by the pair (j, k)

Some relations

J⃗ 2 = 1
4
(M⃗ + N⃗) 2 = 1

4
(M⃗ 2 + M⃗ · N⃗ + N⃗ · M⃗ + N⃗ 2)

but M⃗ · N⃗ = N⃗ · M⃗ as [Mi, Ni] = 0

= 1
4
(M⃗ 2 + 2M⃗ · N⃗ + N⃗ 2)

K⃗ 2 = 1
4
(M⃗ − N⃗) 2 = 1

4
(M⃗ 2 − 2M⃗ · N⃗ + N⃗ 2)

J⃗ 2 − K⃗ 2 = M⃗ · N⃗

J⃗ 2 + K⃗ 2 = 1
4
(M⃗ 2 + N⃗ 2)


