4. Solution to Homework in ” Group Theory for Physicists” SoSe 25

Problem 9: Characters of SO(3) and SU(2)
a) Let D be a representation of SO(3) ~ SU(2) then

D(R((E)) = D(Re*isOJs)D(RefiGJz)D<Refin3)D<ReiHJ2)D(Rei@JS)

and
X(R(CU)) =Tr D(R((Ij)) =Tr [D(Re—iWJs)] X(W) #
b)
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let 71> 72 without loss of generlity
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as LHS is symmetric in J1 4> Jo
Hence the addition of two angular momenta representation spaces is given by the reduction

J1+j2
D't @ D72 = @ D’

J=lj1—j2l



Problem 10: Generators of SO(3) for j =1 (3-dim.

Explicit calculations result in
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[Lk, Lm] = lekann

b) L? is unit matrix in subspace orthogonal to the k-axis and

vanishes on the one-dim. subspace spanned by the k-axis

Hence its matrix elements are given by



Obviously

L) =1 and L =L} for m=1,23,...
and
Lt =1,  for m=0,1,23,...
c)
. o = 1 - 1 2m+1
exp{—ipLy} = Z; — (ipLy)" mZ: (—ipLy)™™ + Z G+ 1)) (—ipLy)
— L2 L ) 2m—+1
+ Z Z Bl
m= 0 term —~ O —~ J
cos sin ¢
=14 Li(cosp —1) —iLysing  #
Explicitly
10 0 0 O 0 1 0 0
exp{—ipLi} =] 0 cosp 0 —10 0 sing |=1]0cosg —sing
0 0 cosp 0 —sinp 0 0 sinp cosep
cosp 0 0 0 0 —sine cosp 0 sing
exp{—ipLe}=| 0 1 0 [—| 0 0 0 = 0 1 0
0 0 cosep sing 0 0 —sing 0 cosp
cosp 0 0 0 sing 0 cosp —sing 0
exp{—ipLs} = 0 cosp O | —| —sing 0 O ]=/| sing cose 0
0 0 1 0 0 0 0 0 1
Tr [e7"] =Tr [1+ Lj(cosp — 1) —iLysinp] = 3 +2(cosp — 1) = 1+ 2cos ¢
: 03 % in2 @
1 _ singp 3sin £ —4sin” § B o ooy
X((p)—sinf = e =3—4sin®f =1+2(1-sin%) =1+2cosp #
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Problem 11: Generators of SO(3) in L?(RR?)
a) Use result of problem 10c)

exp{—ida®L,} = 1+ L?(cosda® — 1) —iL, sinda” ~ 1 — iL,0a" + O((6a)?)

Hence
5 0 —da® da?
g(é_d) ~1-— iZ(SoﬂLa =14+ 6 0 —dat
o —da? dat 0
b)
0 —da® da? 1 —z9003 + 3002 0xy
=2"—17= da 0 —dat To | = x100 — x50t =:| Oz,
—6a® dat 0 Ts —z100% + 2900t Sz
Hence
3 5y \
Xy ==Y L0, = 230, — 250
1 ; o k — X302 — X203
3
oxy, - - 1 1 -
Xo=— — Oy = 1105 — 230 X=-7 = —IXxp=—1L
2 ;§a2k 103 307 ZEXV lh(L'Xp 1h
3 ox
k
X3 = —ZE@ :.%281 —.1'182
k=1 )
c) As X; = —e;,2;0; (sum over repeated indices) —
[Xz, Xj] = EilmEjkn [Qilam, xkan]
Consider

[$l8m7 xkan] - xlamxkan - mkanxlam
=T (5km + xkam) an - Tk (6nl + xl_an) 8m

= 5kmxlan - 5nlxk8m



Hence
X, X = imEjkn (Orm@i0n — 0 Ti0m)

= Silk&?jknxlan - €izm€jkl$kam
use  Ejpn = —€jnk and i = —E€imi
= €iml€jk1$k8m - 5ilk€jnk$lan
use  EpstEyvt = <5ruésv - 6rv63u)
= (G0 — Gk ) 240 — (5000 — Gindi ) 10
= 6m55jx58n — 5,~k5m]~xk0m
replace in 1. term n —m, [ —k

= (5im5jk - 5ik5jm) Z,0m,

N /

Eij:frm,kv‘
= _Eijrerkmxkam = Eierr — CijT = Eijr
Cartan metric:
gkl ‘= CkrsclsT = Ekrs€lsr = —Ekrs€irs
= - ((skl(srr - 6kr§rl)
= — (3dk — Ot) = —20k #
Metric tensors:
-2 0 0 —% 0 0
_ kLY _ 1
(g)=1] 0-2 0 (@)=1 o~ 0
0 0 -2 0 0-1
Casimir operator:
_ Akl _ 1 v2_ 172



Problem 12: Generators of SO(4) in L?(R*)
General considerations:

Let © = (21,29,...,2,) € R", z, and 0, denote coordinate and derivative, respectively.

Consider operator
L, =x,0,—x,0,
Obviously, L, is generator of rotation in x, — x,-plane

— set of all L, = —L,, generates rotations in R"

There exist n(n — 1)/2 independent generators of SO(n).
Derivation of the so(n) algebra:

[Lws Loo) = (220y = 2,0,) (2,05 — 260) = (2,00 — 250p) (2,0, — 2,0,

= 1,0,2,0, — ,0,2,0, — ,0,2,0, + 1,0,2,0,

ns

—2,0,2,0, + 2,0,2,0, + £,0,2,0, — £,0,2,,0,,
= 2 (80 200) O = 1 (3o + 2600) By — 50 (G + 200 ) O + 20 (G + 200, ) 0
—, (5,w + %_@a) Oy + 2, (000 + 2,05) Oy + T4 (% + xu_@)) Oy — Ty (5up + xy_ap) oM
= 0up (2,05 — £50,) — 0o (2,0, — ,0,) — Opp (€05 — 250,) + 0pp (2,0, — ,0,)
= OupLyo — 0voLyp — 0,pLve + 040 Lip

a) Now n =4 and (2,79, 73, 24) = (7,9, 2,t) € R

We identify
My = Lsy My = Ly Mz = Ly
Ny =L Ny = Loy N3 = L34

Now we can use above result of so(n) algebra:

[My, My) = [Lsa, L13] = Loy = M;
[My, M3] = [Li3, Lo1] = Lss = M, [M;, Mj] = i Mg
[M37 Ml] = [L217 L32] = L13 = M2

[My, N1| = [Ls2, L14] =0
[My, No| = [L13, Los] = 0 [M;,N;] =0
[Ms, No| = [Lay, Las] =0



[M;, N;] = 1Ny

Vs

ATy, Ji] = [My + Ny, M; + N}
= [My, My] + [My, N}| + [Ni, My] + [Ni, Ni]
= rimMm + €kim Nm — €tkmNm + kim M,
= €pim(2M,, + 2Np) = derimIm

— [Tk, Ji] = €rimIm so(3) — algebra
4[K7J7KJ] - [Ml - Ni,Mj - NJ]
= [M;, M;] — [M;, Nj| — [Ny, M) + [Ny, Ny
= €ijkMi — €k Ni + €i Nk, + €16 M,
= QEijk(Mk - Nk;) = 451'ij1€
— K, K| = €ijiu Ky, so(3) — algebra
Finally we show the decoupling of both subalgebras

[Ji, Kj] = [M; + N;, M; — Nj]
= [M;, Mj] — [M;, Nj| + [Ny, Mj] — [Ny, Nj]
= 5ijkMk - Eijka - 5jik:Nk - 5ijkMk

=0

= so(4) = so(3) @ so(3)



Casimir operators of so(4)

We have two Casimir from both so(3) algebras:

JP=Tt+ Ui+ U3, KP=K{+K;+ K]

The corresponding labels of their UIR are j, k = 0, %, 1, %, e

Hence, the UIR of so(4) can be denoted by the pair (j, k)

Some relations

J? = YM+



