
G
alaxy

F
orm

ation
and

F
luctuations

in
the

C
osm

ic
M

icrow
ave

B
ackground

R
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T
he

B
asic

P
hysics

of
W

hatYou
R

eally
N

eed
to

K
now

T
he

P
hysics

ofthe
Friedm

an
equations

T
he

R
elevantS

olutions

T
he

B
asic

P
hysics

ofG
alaxy

and
S

tructure
F

orm
ation

H
ow

D
ark

M
atter

S
aves
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D

ay

T
he

R
esults

ofW
ilkinson

M
icrow

ave
A

nisotropy
P

robe
and

the
S

loan
D

igitalS
ky

S
urvey
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B
ook

ofthe
Lecture

Iw
illbe

using
the

m
aterialfrom

this
book

butbringing
the

story
up-to-date.

T
he

em
phasis

w
illbe

upon
understanding

the
basic

physics
involved

in
the

standard
concordance

picture.
Iw

illtry
to

keep
the

physics
as

sim
ple

as
possible.

Iam
rew

riting
this

book
atthe

m
om

ent-
suggestions

for
m

aterialto
be

included
w

illbe
w

elcom
ed.

3



C
O

B
E

O
bservations

ofthe
C

osm
ic

M
icrow

ave
B

ackground
R

adiation
(1990s)

T
he

starting
points

for
cosm

ologicalstudies
now

adays
are

the
observations

ofthe
C

osm
ic

M
icrow

ave
B

ackground
R

adiation
by

the
C

O
B

E
satellite

in
the

early
1990s.

T
he

spectrum
is

very
precisely

thatofa
perfectblack-body

ata
radiation

tem
perature

of2.726
K

.
A

perfectdipole
com

ponentis
detected,

corresponding
to

the
m

otion
ofthe

E
arth

through
the

fram
e

in
w

hich
the

radiation
w

ould
be

perfectly
isotropic.

A
w

ay
from

the
G

alactic
plane,the

radiation
is

isotropic
to

better
than

one
partin

.
A

t
this

level,significanttem
perature

fluctuations
w

ere
detected

on
scales

.
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H
ubble’s

LawA
m

odern
version

ofH
ubble’s

law
for

the
brightestgalaxies

in
rich

clusters
ofgalaxies,

.
A

llclasses
ofgalaxy

seem
to

follow
the

sam
e

H
ubbles

law
.

is
H

ubbles
constant.
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N
ew

tonian
C

osm
ologicalM

odels

In
1934,M

ilne
and

M
cC

rea
show

ed
thatthe

structure
ofthe

Friedm
an

equations
can

be
derived

using
non-relativistic

N
ew

tonian
dynam

ics.
C

onsider
a

galaxy
atdistance

from
the

E
arth

and
determ

ine
its

deceleration
due

to
the

gravitationalattraction
ofthe

m
atter

inside
the

sphere
ofradius

centred
on

the
E

arth.
B

y
G

auss’s
theorem

,because
ofthe

spherical
sym

m
etry

ofthe
distribution

ofm
atter

w
ithin

,w
e

can
replace

thatm
ass,

,by
a

pointm
ass

atthe
centre

ofthe
sphere

and
so

the
deceleration

of
the

galaxy
is

(1)

T
he

m
ass

ofthe
galaxy

cancels
outon

either
side

of
the

equation,show
ing

thatthe
deceleration

refers
to

the
sphere

ofm
atter

as
a

w
hole

rather
than

to
any

particular
galaxy.

6



W
e

now
introduce

com
oving

coordinates.
W

e
are

dealing
w

ith
isotropic

U
niverses

w
hich

expand
uniform

ly.
W

e
therefore

introduce
the

conceptofcom
oving

distance.
If

the
distance

betw
een

tw
o

points
expanding

w
ith

the
U

niverse
is

and
is

their
separation

atthe
presentepoch,w

e
can

w
rite

and
so

take
outthe

expansion
ofthe

U
niverse.

Iw
illnorm

ally
setthe

scale
factor

equalto
unity

atthe
presentepoch,

for
sim

plicity.
is

the
scale

factor.

W
e

can
also

express
the

density
in

term
s

ofits
value

atthe
presentepoch,

.
T

herefore,

or
(2)

M
ultiplying

(3)
by

and
integrating,w

e
findor

(3)

T
his

N
ew

tonian
calculation

show
s

thatw
e

can
identify

the
left-hand

side
of(3)

w
ith

the
kinetic

energy
ofexpansion

ofthe
fluid

and
the

firstterm
on

the
right-hand

side
w

ith
its

gravitationalpotentialenergy.
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E
instein’s

F
ield

E
quations

In
the

fullG
R

analysis,E
instein’s

field
equations

reduce
to

the
follow

ing
pair

of
independentequations.

(4)

(5)

In
these

equations,
is

the
scale

factor,
is

the
totalinertialm

ass
density

ofthe
m

atter
and

radiation
contentofthe

U
niverse

and
the

associated
totalpressure.

is
the

radius
ofcurvature

ofthe
geom

etry
ofthe

w
orld

m
odelatthe

presentepoch
and

so
the

term
is

sim
ply

a
constantofintegration.

T
he

cosm
ologicalconstant

,w
hich

has
been

included
in

the
term

s
in

square
brackets

in
(4)

and
(5),has

had
a

chequered
history

since
itw

as
introduced

by
E

instein
in

1917.

8



T
he

M
eaning

ofthe
Term

Letus
look

m
ore

closely
atthe

m
eanings

ofthe
various

term
s.

E
quation

(5)
is

referred
to

as
Friedm

an’s
equation

and
has

the
form

ofan
energy

equation.
T

he
F

irstLaw
of

T
herm

odynam
ics

in
its

relativistic
form

needs
to

be
builtinto

this
equation.

W
e

can
w

rite
itin

the
usualform

(6)

W
e

need
to

form
ulate

the
firstlaw

in
such

a
w

ay
thatitis

applicable
for

relativistic
and

non-relativistic
fluids

and
so

w
e

w
rite

the
internalenergy

as
the

sum
ofallthe

term
s

w
hich

can
contribute

to
the

totalenergy
ofthe

fluid
in

the
relativistic

sense.
T

hus,the
totalinternalenergy

consists
ofthe

fluid’s
restm

ass
energy,its

kinetic
energy,its

therm
alenergy

and
so

on.
Ifw

e
w

rite
the

sum
ofthese

energies
as

�

� ,the
internalenergy

is
and

so,differentiating
(6)

w
ith

respectto
,itfollow

s
that

(7)

9



N
ow

,
and

so,differentiating,w
e

find

(8)

T
his

resultcan
be

expressed
in

term
s

ofthe
inertialm

ass
density

associated
w

ith
the

totalenergy
and

so
(8)

can
also

be
w

ritten

(9)

T
his

is
the

type
ofdensity

w
hich

should
be

included
in

(4)
and

(5).

In
the

case
ofa

gas
ofultrarelativistic

particles,or
a

gas
ofphotons,w

e
can

w
rite

.
T

herefore,

(10)

In
the

case
ofa

gas
ofphotons,

and,since
,w

e
find

.
T

his
is

justthe
form

ula
for

redshift.

10



Letus
now

return
to

the
analysis

of(5).
D

ifferentiating

(11)

w
ith

respectto
tim

e
and

dividing
through

by
,w

e
find

(12)

N
ow

,substituting
the

expression
for

from
(9),w

e
find

(13)

thatis,w
e

recover
(4).

T
hus,equation

(13)
has

the
form

ofa
force

equation,but,as
w

e
have

show
n,italso

incorporates
the

relativistic
form

ofthe
F

irstLaw
ofT

herm
odynam

ics
as

w
ell.

T
his

pressure
term

can
be

considered
a

‘relativistic
correction’to

the
inertialm

ass
density,

butitis
unlike

norm
alpressure

forces
w

hich
depend

upon
the

gradientofthe
pressure

and,for
exam

ple,hold
up

the
stars.

T
he

term
can

be
thoughtofas

playing
the

role
ofan

active
gravitationalm

ass
density.
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T
he

C
osm

ologicalC
onstant

In
1917,E

instein
introduced

the
-term

in
order

to
incorporate

M
ach’s

principle
into

G
eneralR

elativity
-

nam
ely

thatthe
localinertialfram

e
ofreference

should
be

defined
relative

to
the

distantstars.
In

the
process,he

derived
the

firstfully
self-consistent

cosm
ologicalm

odel-
the

static
E

instein
m

odelofthe
U

niverse.

E
quation

(4)
is

(14)

E
instein’s

m
odelis

static
and

so
and

the
m

odelis
a

‘dustm
odel’in

w
hich

the
pressure

is
taken

to
be

zero.
T

herefore,

or
(15)

E
instein’s

perspective
w

as
thatthis

form
ula

show
s

thatthere
w

ould
be

no
solutions

of
his

field
equations

unless
the

cosm
ologicalconstantw

as
finite.

If
w

ere
zero,the

U
niverse

w
ould

be
em

pty.

12



T
he

C
osm

ologicalC
onstant

Letus
consider

the
firstofthe

field
equations

w
ith

finite
.

(16)

E
ven

in
an

em
pty

universe,w
ith

,there
is

a
netforce

acting
on

a
test

particle.
T

here
is

no
obvious

interpretation
ofthis

term
in

term
ofclassicalphysics.

T
here

is,how
ever,a

naturalinterpretation
in

the
contextofquantum

field
theory.

A
key

developm
enthas

been
the

introduction
of H

iggs
fields

into
the

theory
ofw

eak
interactions.

T
hese

w
ere

introduced
in

order
to

elim
inate

singularities
in

the
theory

and
to

endow
the

and
bosons

w
ith

m
asses.

P
recise

m
easurem

entofthe
m

asses
of

these
particles

atC
E

R
N

has
confirm

ed
the

theory
very

precisely.
T

he
H

iggs
fields

are
scalar

fields,unlike
the

vector
fields

ofelectrom
agnetism

or
the

tensor
fields

ofG
eneral

R
elativity.

T
he

scalar
fields

have
negative

pressure
equations

ofstate
.

13



T
he

C
osm

ologicalC
onstant

In
the

m
odern

picture
ofthe

vacuum
,there

are
zero-pointfluctuations

associated
w

ith
the

zero
pointenergies

ofallquantum
fields.

T
he

stress–energy
tensor

ofa
vacuum

has
a

negative
pressure

equation
ofstate,

.
T

his
pressure

m
ay

be
thoughtofas

a
‘tension’rather

than
a

pressure.
W

hen
such

a
vacuum

expands,the
change

in
energy

is
in

expanding
from

to
w

hich
is

just
so

that,during
the

expansion,the
m

ass-energy
density

ofthe
negative

energy
field

rem
ains

constant.

W
e

can
find

the
sam

e
resultfrom

(9).

Itcan
be

seen
that,ifthe

vacuum
energy

density
is

to
rem

ain
constant,itfollow

s
that

.

W
e

can
now

relate
to

the
value

of
.

W
e

can
now

set
and

instead
include

the
energy

and
pressure

ofthe
vacuum

fields
into

equation
(16).

14



T
he

C
osm

ologicalC
onstant

(17)

w
here,in

place
ofthe

-term
,w

e
have

included
the

density
ofordinary

m
ass

and
the

m
ass

density
and

pressure
ofthe

vacuum
fields.

S
ince

,itfollow
s

that

(18)

A
s

the
U

niverse
expands,

and
=

constant.
T

herefore,

(19)

E
quation

(19)
has

precisely
the

sam
e

dependence
upon

as
ofthe

‘cosm
ological

term
’and

so
w

e
can

form
ally

identify
the

cosm
ologicalconstantw

ith
the

vacuum
m

ass
density.

(20)

15



D
ensity

P
aram

eters
in

the
M

atter
and

V
acuum

F
ields

T
herefore,atthe

presentepoch,
,the

firstfield
equation

becom
es

(21)

Itis
convenientto

express
densities

in
term

s
ofthe

criticaldensity
defined

by

(22)

T
his

is
the

density
ofthe

criticalE
instein-de

S
itter

w
orld

m
odel.

T
hen,the

actualdensity
ofthe

m
odel

atthe
presentepoch

can
be

referred
to

this
value

through
a

density
param

eter
.

(23)

T
he

subscript0
has

been
attached

to
because

the
criticaldensity

changes
w

ith
cosm

ic
epoch,as

does
.

Itis
convenientto

refer
any

cosm
ic

density
to

.
F

or
exam

ple,w
e

w
illoften

refer
to

the
density

param
eter

ofbaryons,
,or

ofvisible
m

atter,
,or

ofdark
m

atter,
,and

so
on

–
these

are
convenientw

ays
of

describing
the

relative
im

portance
ofdifferentcontributions

to
.

16



D
ensity

P
aram

eter
in

the
V

acuum
F

ields

A
density

param
eter

associated
w

ith
can

now
be

introduced,in
exactly

the
sam

e
w

ay
as

the
density

param
eter

w
as

defined.

and
so

(24)

T
he

dynam
icalequations

(4)
and

(5)
can

now
be

w
ritten

(25)

(26)

A
traditionalw

ay
ofrew

riting
these

relations
is

in
term

s
ofa

deceleration
param

eter
defined

by
atthe

presentepoch.
T

hen,in
term

s
of

and
,w

e
find,

(27)

17



D
ensity

P
aram

eters
in

M
atter

and
V

acuum
F

ields

W
e

can
now

substitute
the

values
of

and
atthe

presentepoch,
and

,into
(26)

to
find

the
relation

betw
een

the
curvature

ofspace,
and

.

(28)

or

(29)

A
com

m
on

practice
is

to
introduce

a
density

param
eter

associated
w

ith
the

curvature
of

space
atthe

presentepoch
such

that

(30)

T
hen,equation

(29)
becom

es

(31)

18



D
ensity

P
aram

eters
in

M
atter

and
V

acuum
F

ields

T
hus,the

condition
thatthe

spatialsections
are

flatE
uclidean

space
becom

es

(32)

T
he

radius
ofcurvature

ofthe
spatialsections

ofthese
m

odels
change

w
ith

scale
factor

as
and

so,ifthe
space

curvature
is

zero
now

,itm
usthave

been
zero

atalltim
es

in
the

past.
T

his
is

one
ofthe

greatattractions
ofthe

sim
plestinflationary

picture
ofthe

early
U

niverse.
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E
stim

ating
the

V
alue

of

In
their

review
ofthe

problem
ofthe

cosm
ologicalconstant,C

arroll,P
ress

and
Turner

described
how

a
theoreticalvalue

of
could

be
estim

ated
using

sim
ple

concepts
from

quantum
field

theory.
T

hey
found

the
m

ass
density

ofthe
repulsive

field
to

be
kg

m
,about

tim
es

greater
than

perm
issable

values
atthe

present
epoch

w
hich

correspond
to

kg
m

.

H
eisenberg’s

U
ncertainty

P
rinciple

states
thata

virtualpair
ofparticles

ofm
ass

can
existfor

a
tim

e
,corresponding

to
a

m
axim

um
separation

.
H

ence,the
typicaldensity

ofthe
vacuum

fields
is

.

T
he

m
ass

density
in

the
vacuum

fields
is

unchanging
w

ith
cosm

ic
epoch

and
so,

adopting
the

P
lanck

m
ass

for
�

G
eV,for

the
m

ass
associated

w
ith

the
quantum

fluctuations
in

the
gravitationalfield,the

m
ass

density
corresponds

to
about

kg
m

.
T

his
is

quite
a

problem
.

W
e

have
to

explain
w

hy
decreased

by
a

factor
ofabout

atthe
end

ofthe
inflationary

era.
In

this
context,

looks
rem

arkably
close

to
zero.
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K
ey

R
esults

from
the

R
-W

M
etric

A
llthe

physics
ofthe

expansion
ofthe

U
niverse

is
builtinto

the
function

,the
scale

factor.
is

norm
alised

to
the

value
1

atthe
presentepoch

.

T
he

curvature
ofspace

changes
w

ith
scale

factor
as

.

B
y

redshift,w
e

m
ean

the
shiftofspectrallines

to
longer

w
avelength

because
of

their
recession

velocities
from

our
G

alaxy.
If

is
the

w
avelength

ofthe
line

as
em

itted
and

the
observed

w
avelength,the

redshift
is

defined
to

be

(33)

Itfollow
s

directly
from

the
R

-W
m

etric
thatthe

redshiftis
directly

related
to

the
scale-factor

through
the

relation

(34)

T
his

is
the

realm
eaning

ofredshiftin
cosm

ology.
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T
he

C
oncordance

M
odel

T
his

setofparam
eters

is
consistentw

ith
allobservations

listed
above:

H
ubble’s

constant
km

s
M

pc

B
aryonic

density
param

eter

C
old

D
ark

M
atter

density
param

eter

TotalM
atter

density
param

eter

D
ensity

P
aram

eter
in

V
acuum

F
ields

O
pticalD

epth
for

T
hom

son
S

cattering
on

R
eheating

C
urvature

ofS
pace

;

F
or

illustrative
purposes,Iw

illuse
these

values
in

the
calculations

w
hich

follow
.
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T
he

P
roperties

ofthe
C

oncordance
M

odel

Ittherefore
is

sensible
to

regard
this

as
the

fram
ew

ork
m

odelfor
cosm

ologicalstudies.

T
he

Friedm
an

equation
is:

(35)

U
sing

the
relation

,w
e

find

�

(36)

C
osm

ic
tim

e
m

easured
from

the
B

ig
B

ang
follow

s
im

m
ediately

by
integration

�

�

�

(37)
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T
he

P
roperties

ofthe
C

oncordance
M

odel

T
he

evidence
suggests

thatw
e

live
in

a
U

niverse
w

ith
zero

spatialcurvature,
,

and
so

.
T

his
resultsim

plifies
the

tim
e-redshiftrelation:

�

�

�

(38)

T
he

cosm
ic

tim
e–redshiftrelation

becom
es

�

w
here

�

�

(39)

T
he

presentage
ofthe

U
niverse

follow
s

by
setting

�

�
�

(40)

Ifw
e

take
and

,the
age

ofthe
w

orld
m

odelis

years
(41)
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R
adiation

D
om

inated
U

niverses

T
he

variations
of

and
w

ith
can

now
be

substituted
into

E
instein’s

field
equations:

T
herefore,setting

the
cosm

ologicalconstant
,w

e
find

(42)

A
tearly

epochs
w

e
can

neglectthe
constantterm

and
integrating

�

�

or
(43)

T
he

dynam
ics

ofthe
radiation-dom

inated
m

odels,

�

,depend
only

upon
the

total
inertialm

ass
density

in
relativistic

and
m

assless
form

s .
T

he
force

ofgravity
acting

upon
allthe

m
assless

and
relativistic

com
ponents

determ
ines

the
rate

ofdeceleration
ofthe

early
U

niverse.
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T
he

W
ave

E
quation

for
the

G
row

th
ofS

m
allD

ensity
P

erturbations
(1)

T
he

standard
equations

ofgas
dynam

ics
for

a
fluid

in
a

gravitationalfield
consistof

three
partialdifferentialequations

w
hich

describe
(i)

the
conservation

ofm
ass,or

the
equation

ofcontinuity,(ii)
the

equation
ofm

otion
for

an
elem

entofthe
fluid,E

uler’s
equation,and

(iii)
the

equation
for

the
gravitationalpotential,P

oisson’s
equation.

E
quation

ofC
ontinuity

E
quation

ofM
otion

G
ravitationalP

otential

T
hese

equations
describe

the
dynam

ics
ofa

fluid
ofdensity

and
pressure

in
w

hich
the

velocity
distribution

is
.

T
he

gravitationalpotential
atany

pointis
given

by
P

oisson’s
equation

in
term

s
ofthe

density
distribution

.

T
he

partialderivatives
describe

the
variations

ofthese
quantities

ata
fixed

pointin
space.

T
his

coordinate
system

is
often

referred
to

as
E

ulerian
coordinates.
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T
hen,w

e
perturb

the
system

aboutthe
uniform

expansion
:

(47)

A
fter

a
bitofalgebra,w

e
find

the
follow

ing
equation

for
adiabatic

density
perturbations

:

(48)

w
here

the
adiabatic

sound
speed

is
given

by
.

W
e

now
seek

w
ave

solutions
for

ofthe
form

and
hence

derive
a

w
ave

equation
for

.

(49)

w
here

�

is
the

w
avevector

in
com

oving
coordinates

and
the

proper
w

avevector
is

related
to

�

by

�

.
T

his
is

a
key

equation
w

e
have

been
seeking.
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T
he

Jeans’Instability
(1)

T
he

differentialequation
for

gravitationalinstability
in

a
static

m
edium

is
obtained

by
setting

.
T

hen,for
w

aves
ofthe

form
,the

dispersion
relation,

(50)

is
obtained.

If
,the

right-hand
side

is
positive

and
the

perturbations
are

oscillatory,thatis,they
are

sound
w

aves
in

w
hich

the
pressure

gradientis
sufficient

to
provide

supportfor
the

region.
W

riting
the

inequality
in

term
s

ofw
avelength,

stable
oscillations

are
found

for
w

avelengths
less

than
the

critical Jeans’
w

avelength

�

(51)
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T
he

Jeans’Instability
(2)

If
,the

right-hand
side

ofthe
dispersion

relation
is

negative,
corresponding

to
unstable

m
odes.

T
he

solutions
can

be
w

ritten

(52)

w
here

�

(53)

T
he

positive
solution

corresponds
to

exponentially
grow

ing
m

odes.
F

or
w

avelengths
m

uch
greater

than
the

Jeans’w
avelength,

,the
grow

th
rate

becom
es

�

.
In

this
case,the

characteristic
grow

th
tim

e
for

the
instability

is

�

�

(54)

T
his

is
the

fam
ous

Jeans’Instability
and

the
tim

e
scale

is
the

typicalcollapse
tim

e
for

a
region

ofdensity
.
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T
he

Jeans’Instability
in

an
E

xpanding
M

edium

W
e

return
firstto

the
fullversion

ofthe
differentialequation

for
.

(55)

T
he

second
term

m
odifies

the
classicalJeans’analysis

in
crucial

w
ays.

Itis
apparentfrom

the
right-hand

side
of(55)

thatthe
Jeans’instability

criterion
applies

in
this

case
also

butthe
grow

th
rate

is
significantly

m
odified.

Letus
w

ork
outthe

grow
th

rate
ofthe

instability
in

the
long

w
avelength

lim
it

,in
w

hich
case

w
e

can
neglectthe

pressure
term

.
W

e
therefore

have
to

solve
the

equation

(56)

B
efore

considering
the

generalsolution,letus
firstconsider

the
specialcases

and
for

w
hich

the
scale

factor-cosm
ic

tim
e

relations
are

�

and
respectively.
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T
he

Jeans’Instability
in

an
E

xpanding
M

edium

T
he

E
instein–de

S
itter

C
riticalM

odel
.

In
this

case,

(57)

T
herefore,

(58)

B
y

inspection,itcan
be

seen
thatthere

m
ustexistpow

er-law
solutions

of(58)
and

so
w

e
seek

solutions
ofthe

form

�.
H

ence

(59)

w
hich

has
solutions

and
.

T
he

latter
solution

corresponds
to

a
decaying

m
ode.

T
he

solution
corresponds

to
the

grow
ing

m
ode

w
e

are
seeking,

�

.
T

his
is

the
key

result

(60)

In
contrastto

the
exponential

grow
th

found
in

the
static

case,the
grow

th
ofthe

perturbation
in

the
case

ofthe
criticalE

instein–de
S

itter
universe

is
algebraic.
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T
he

Jeans’Instability
in

an
E

xpanding
M

edium

T
he

E
m

pty,M
ilne

M
odel

In
this

case,

(61)

and
hence

(62)

A
gain,seeking

pow
er-law

solutions
ofthe

form

�,w
e

find
and

,
thatis,there

is
a

decaying
m

ode
and

one
ofconstantam

plitude
=

constant.

T
hese

sim
ple

results
describe

the
evolution

ofsm
allam

plitude
perturbations,

.
In

the
early

stages
ofthe

m
atter-dom

inated
phase,the

dynam
ics

of
the

w
orld

m
odels

approxim
ate

to
those

ofthe
E

instein–de
S

itter
m

odel,

�

,and
so

the
am

plitude
ofthe

density
contrastgrow

s
linearly

w
ith

.
In

the
late

stages
at

redshifts
,w

hen
the

U
niverse

m
ay

approxim
ate

to
the

m
odel,the

am
plitudes

ofthe
perturbations

grow
very

slow
ly

and,in
the

lim
it

,do
notgrow

atall.
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T
he

G
eneralS

olutions

A
generalsolution

for
the

grow
th

ofthe
density

contrastw
ith

scale-factor
for

all
pressure-free

Friedm
an

w
orld

m
odels

can
be

rew
ritten

in
term

s
ofthe

density
param

eter
as

follow
s:

(63)

w
here,in

general,

�

(64)

T
he

solution
for

the
grow

ing
m

ode
can

be
w

ritten
as

follow
s:

�

(65)

w
here

the
constants

have
been

chosen
so

thatthe
density

contrastfor
the

standard
criticalw

orld
m

odelw
ith

and
has

unitam
plitude

atthe
presentepoch,

.
W

ith
this

scaling,the
density

contrasts
for

allthe
exam

ples
w

e
w

illconsider
correspond

to
at

.
Itis

sim
plestto

carry
outthe

calculations
num

erically
for

a
representative

sam
ple

ofw
orld

m
odels.
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M
odels

w
ithT

he
developm

entofdensity
fluctuations

from
a

scale
factor

to
are

show
n

for
a

range
ofw

orld
m

odels
w

ith
.

T
hese

results
are

consistentw
ith

the
calculations

carried
outabove,in

w
hich

itw
as

argued
that

the
am

plitudes
ofthe

density
perturbations

vary
as

so
long

as
,butthe

grow
th

essentially
stops

atsm
aller

redshifts.
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M
odels

w
ith

finite

T
he

m
odels

ofgreatestinterestare
the

flatm
odels

for
w

hich
,

in
allcases,the

fluctuations
having

am
plitude

at
.

T
he

grow
th

ofthe
density

contrastis
som

ew
hatgreater

in
the

cases
=

0.1
and

0.3
as

com
pared

w
ith

the
corresponding

cases
w

ith
.

T
he

fluctuations
continue

to
grow

to
greater

values
ofthe

scale-factor
,

corresponding
to

sm
aller

redshifts,as
com

pared
w

ith
the

m
odels

w
ith

.
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T
he

R
elativistic

C
ase

In
the

radiation-dom
inated

phase
ofthe

B
ig

B
ang,the

prim
ordialperturbations

are
in

a
radiation-dom

inated
plasm

a,for
w

hich
the

relativistic
equation

ofstate
is

appropriate.

T
he

equation
ofenergy

conservation
becom

es

S
ubstituting

into
(66)

and
(67),the

relativistic
continuity

equation
is

obtained:

(68)

E
uler’s

equation
for

the
acceleration

ofan
elem

entofthe
fluid

in
the

gravitational
potential

becom
es

(69)
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T
he

R
elativistic

C
ase

Ifw
e

neglectthe
pressure

gradientterm
,(69)

reduces
to

the
fam

iliar
equation

(70)

F
inally,the

differentialequation
for

the
gravitationalpotential

becom
es

(71)

F
or

a
fully

relativistic
gas,

and
so

(72)

T
he

netresultis
thatthe

equations
for

the
evolution

ofthe
perturbations

in
a

relativistic
gas

are
ofsim

ilar
m

athem
aticalform

to
the

non-relativistic
case.

T
he

sam
e

type
of

analysis
w

hich
w

as
carried

outabove
leads

to
the

follow
ing

equation

(73)

37



S
um

m
ary

ofthe
T

herm
alH

istory
ofthe

U
niverse

T
his

diagram
sum

m
arises

the
key

epochs
in

the
therm

alhistory
ofthe

U
niverse.

T
he

key
epochs

are

T
he

epoch
ofrecom

bination.
T

he
epoch

ofequality
ofm

atter
and

radiation.
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T
he

R
adiation

D
om

inated
E

ra

A
tredshifts

,the
U

niverse
w

as
radiation-dom

inated.
Ifw

e
take

into
accountthe

contribution
ofthe

neutrinos
as

w
ell,the

expression
becom

es
and

so
m

assless
particles

dom
inate

the
dynam

ics
ofthe

U
niverse

at
redshifts

for
the

concordance
values

ofthe
param

eters.

Ifthe
m

atter
and

radiation
w

ere
nottherm

ally
coupled,they

w
ould

coolindependently,
the

hotgas
having

ratio
ofspecific

heats
and

the
radiation

.
T

hese
resultin

adiabatic
cooling

w
hich

depends
upon

the
scale

factor
as

and
for

the
diffuse

baryonic
m

atter
and

radiation
respectively.

T
his

is
notthe

case,how
ever,during

the
pre-recom

bination
and

im
m

ediate
post-recom

bination
eras

because
the

m
atter

and
radiation

are
strongly

coupled
by

C
om

pton
scattering.

T
he

opticaldepth
ofthe

pre-recom
bination

plasm
a

for
T

hom
son

scattering
is

very
large,so

large
thatw

e
can

no
longer

ignore
the

sm
allenergy

transfers
w

hich
take

place
betw

een
the

photons
and

the
electrons

in
C

om
pton

collisions.
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T
he

S
ound

S
peed

as
a

F
unction

ofC
osm

ic
E

poch

A
llsound

speeds
are

proportionalto
the

square
rootofthe

ratio
ofthe

pressure
w

hich
provides

the
restoring

force
to

the
inertialm

ass
density

ofthe
m

edium
.

T
he

speed
of

sound
is

given
by

�

(74)

w
here

the
subscript

m
eans

‘atconstantentropy’,thatis,w
e

consider
adiabatic

sound
w

aves.
From

the
epoch

w
hen

the
energy

densities
ofm

atter
and

radiation
w

ere
equal

to
beyond

the
epoch

ofrecom
bination,the

dom
inantcontributors

to
and

change
dram

atically
as

the
U

niverse
changes

from
being

radiation-
to

m
atter-dom

inated.
T

he
sound

speed
can

then
be

w
ritten

(75)

w
here

the
partialderivatives

are
taken

atconstantentropy.
Itis

straightforw
ard

to
show

thatthis
reduces

to
the

follow
ing

expression:

(76)
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T
he

D
am

ping
ofS

ound
W

aves

A
lthough

the
m

atter
and

radiation
are

closely
coupled

throughoutthe
pre-recom

bination
era,the

coupling
is

notperfectand
radiation

can
diffuse

outofthe
density

perturbations.
S

ince
the

radiation
provides

the
restoring

force
for

supportfor
the

perturbation,the
perturbation

is
dam

ped
outifthe

radiation
has

tim
e

to
diffuse

outofit.
T

his
process

is
often

referred
to

as
S

ilk
dam

ping.

A
tany

epoch,the
m

ean
free

path
for

scattering
ofphotons

by
electrons

is
,w

here
m

is
the

T
hom

son
cross-section.

T
he

distance
w

hich
the

photons
can

diffuse
is

�

�

(77)

w
here

is
cosm

ic
tim

e.
T

he
baryonic

m
ass

w
ithin

this
radius,

,can
now

be
evaluated

for
the

pre-recom
bination

era.
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H
orizons

and
the

H
orizon

P
roblem

O
ne

ofthe
key

concepts
is

thatofparticle
horizons.

A
tany

epoch
,the

particle
horizon

is
defined

to
be

the
distance

a
lightsignalcould

have
travelled

from
the

origin
ofthe

B
ig

B
ang

at
by

the
epoch

.
Its

value
is

�

�

(78)

A
tearly

tim
es,allthe

Friedm
an

m
odels

tend
tow

ard
the

dynam
ics

ofthe
criticalm

odel

�

�

and
so

the
particle

horizon
becom

es
.

A
sim

ilar
calculation

can
be

carried
outfor

the
radiation-dom

inated
era

show
s

that
.
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T
he

H
orizon

P
roblem

W
e

can
now

use
these

results
to

illustrate
the

origin
ofthe

horizon
problem

for
the

standard
Friedm

an
m

odels
w

ith
.

T
he

particle
horizon

on
the

lastscattering
surface

subtends
an

angle
according

to
an

observer
atthe

presentepoch.
A

ta
redshift

,w
e

can
safely

use
the

standard
m

atter-dom
inated

solutions
of

Friedm
an’s

equation
in

the
lim

it
,

and
so

�

�

�

(79)

T
his

resultm
eans

that,according
to

the
standard

Friedm
an

picture,regions
ofthe

U
niverse

separated
by

an
angle

ofm
ore

than
�

degrees

on
the

sky
could

nothave
been

in
causalcontacton

the
lastscattering

surface.
W

hy
then

is
the

C
osm

ic
M

icrow
ave

B
ackground

R
adiation

so
uniform

over
the

w
hole

sky
to

a
precision

ofaboutone
partin

?
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T
he

Inflationary
S

olution

T
his

horizon
problem

is
circum

vented
in

the
inflationary

m
odelofthe

very
early

U
niverse

because
ofthe

exponentialexpansion
ofthe

scale
factor

w
hich

ensures
that

opposite
directions

on
the

sky
w

ere
in

causalcontact.
To

illustrate
this,consider

the
de

S
itter

m
odel.

N
orm

alising
to

the
value

unity
atthe

presentepoch,w
e

find

�

�

�

In
the

inflationary
picture,the

value
of

�

is
enorm

ous
and

so
causalcom

m
unication

can
extend

far
beyond

the
scale

w
hen

�

.
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T
he

S
im

ple
B

aryonic
P

icture

W
e

can
puttogether

allthese
ideas

to
develop

the
sim

plestpicture
ofgalaxy

form
ation.

T
his

is
the

sim
plestbaryonic

picture.
Itincludes

m
any

ofthe
features

w
hich

w
illreappear

in
the

C
D

M
picture.

T
he

diagram
show

s
how

the
horizon

m
ass

,the
Jeans

m
ass

and
the

S
ilk

M
ass

change
w

ith
scale

factor
.
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T
he

S
im

ple
B

aryonic
P

icture

T
his

diagram
s,from

C
oles

and
Lucchin

(1995)
show

s
schem

atially
how

structure
develops

in
a

purely
baryonic

U
niverse.

T
he

problem
is

that
the

tem
perature

fluctuations
on

the
lastscattering

surface
as

expected
to

be
atleast
,far

in
excess

of
the

observed
lim

its.
T

he
solution

to
this

problem
cam

e
w

ith
the

realisation
that

the
dark

m
atter

is
the

dom
inant

contribution
to

.
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D
ark

M
atter

T
here

is
no

question
butthatthe

U
niverse

is
dom

inated
gravitationally

on
sm

allscales
by

D
ark

M
atter.

T
hese

reconstructions
ofthe

totalm
ass

distribution
from

gravitationallensing
show

that
the

dark
m

atter
is

dynam
ically

dom
inantin

clusters
ofgalaxies.
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Instabilities
in

the
P

resence
ofD

ark
M

atter

N
eglecting

the
internalpressure

ofthe
fluctuations,the

expressions
for

the
density

contrasts
in

the
baryons

and
the

dark
m

atter,
and

respectively,can
be

w
ritten

as
a

pair
ofcoupled

equations

(81)

(82)

Letus
find

the
solution

for
the

case
in

w
hich

the
dark

m
atter

has
and

the
baryon

density
is

negligible
com

pared
w

ith
thatofthe

dark
m

atter.
T

hen
(82)

reduces
to

the
equation

for
w

hich
w

e
have

already
found

the
solution

w
here

is
a

constant.
T

herefore,the
equation

for
the

evolution
ofthe

baryon
perturbations

becom
es

(83)

48



Instabilities
in

the
P

resence
ofD

ark
M

atter

S
ince

the
background

m
odelis

the
criticalm

odelfor
w

hich

�

and
,equation

(83)
sim

plifies
to

�

�

(84)

T
he

solution,
,satisfies

(84).
T

his
resulthas

the
follow

ing
significance.

S
uppose

that,atsom
e

redshift
,the

am
plitude

ofthe
baryon

fluctuations
is

very
sm

all,thatis,very
m

uch
less

than
thatofthe

perturbations
in

the
dark

m
atter.

T
he

above
resultshow

s
how

the
am

plitude
ofthe

baryon
perturbation

develops
subsequently

under
the

influence
ofthe

dark
m

atter
perturbations.

In
term

s
of

redshiftw
e

can
w

rite

(85)

T
hus,the

am
plitude

ofthe
perturbations

in
the

baryons
grow

s
rapidly

to
the

sam
e

am
plitude

as
thatofthe

dark
m

atter
perturbations.

To
putitcrudely,the

baryons
fallinto

the
dark

m
atter

perturbations
and,w

ithin
a

factor
oftw

o
in

redshift,have
am

plitudes
halfthatofthe

dark
m

atter
perturbations.
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T
he

C
old

D
ark

M
atter

P
icture

T
his

diagram
s,also

from
C

oles
and

Lucchin
(1995)

show
s

schem
atially

how
structure

develops
in

a
cold

dark
m

atter
dom

inated
U

niverse.
N

otice
how

the
am

plitudes
ofthe

baryonic
perturbations

w
ere

very
m

uch
sm

aller
than

those
in

the
cold

dark
m

atter.

N
ote

also
the

origin
ofthe

A
coustic

or
S

akharov
peaks

in
the

predicted
m

ass
spectrum

(from
S

unyaev
and

Z
eldovich

1970).

T
his

is
the

favoured
m

odelfor
the

form
ation

structure.
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T
he

InputP
aram

eters
for

the
M

odels

S
election

ofa
cosm

ologicalm
odelw

ith
values

of
,

and
.

T
he

ordinary
baryonic

m
atter

has
density

param
eter

,w
hich

is
only

about
5-10%

ofthe
dark

m
atter.

T
he

pow
er-spectrum

ofthe
initialperturbations

is
assum

ed
to

be
of

H
arrison-Z

eldovich
form

�

w
ith

random
phases.

T
he

value
of

can
be

varied
to

find
the

bestfitto
the

observations.

M
any

other
com

ponents
can

be
included.

S
how

sim
ulations.
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P
erturbations

on
the

LastS
cattering

Layer

T
he

diagram
show

s
the

range
of

redshifts
betw

een
w

hich
halfofthe

photons
ofthe

C
M

B
w

ere
lastscattered.

T
he

diagram
show

s
schem

atically
the

size
ofvarious

sm
allperturbations

com
pared

w
ith

the
thickness

ofthe
last

scattering
layer.

O
n

very
large

scales,
the

perturbations
are

very
m

uch
larger

than
the

thickness
ofthe

layer.
O

n
scales

less
than

clusters
ofgalaxies,

m
any

perturbations
overlap,reducing

the
am

plitude
ofthe

perturbations.
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Large
A

ngular
S

cales
-

the
S

achs-W
olfe

E
ffect

O
n

the
very

largestscales,the
dom

inantsource
ofintensity

fluctuations
results

from
the

factthatthe
photons

w
e

observe
have

to
clim

b
outofthe

gravitationalpotentialw
ells

associated
w

ith
perturbations

w
hich

are
very

m
uch

greater
in

size
than

the
thickness

of
the

lastscattering
layer.

O
n

the
scales

ofinterest,the
fluctuations

atthe
epoch

ofrecom
bination

far
exceed

the
horizon

scale
and

so
the

perturbations
w

ould
representa

change
ofthe

gravitational
potentialofeverything

w
ithin

the
horizon.

M
ore

properly,w
e

should
describe

these
perturbations

as
m

etric
perturbations.

T
hese

‘super-horizon’perturbations
raise

the
thorny

question
ofthe

choice
ofgauge

to
be

used
in

relativistic
perturbation

theory.
A

generalrelativistic
treatm

ent,firstperform
ed

by
S

achs
and

W
olfe

(1967),is
needed.

T
he

resultis
,recalling

that
is

a
negative

quantity.
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T
he

S
achs-W

olfe
E

ffect
T

he
C

oles-Lucchin
A

rgum
ent

C
oles

and
Lucchin

(1995)
rationalised

how
the

S
achs–W

olfe
answ

er
can

be
found.

In
addition

to
the

N
ew

tonian
gravitationalredshift,because

ofthe
perturbation

ofthe
m

etric,the
cosm

ic
tim

e,and
hence

the
scale

factor
,atw

hich
the

fluctuations
are

observed,are
shifted

to
slightly

earlier
cosm

ic
tim

es.
Tem

perature
and

scale
factor

change
as

.
F

or
allthe

standard
m

odels
in

the
m

atter-dom
inated

phase

�

and
so

the
increm

entofcosm
ic

tim
e

changes
as

.

B
ut

is
justthe

N
ew

tonian
gravitationalredshift,w

ith
netresultthat

there
is

a
positive

contribution
to

of
.

T
he

nettem
perature

fluctuation
is

.

Itis
then

a
straightforw

ard
calculation

to
show

that,for
the

m
odel,the

tem
perature

fluctuations
depend

upon
angular

scale
as

�

�

(86)
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Interm
ediate

A
ngular

S
cales

T
he

firstacoustic
peak

is
associated

w
ith

perturbations
on

the
scale

ofthe
sound

horizon
atthe

epoch
ofrecom

bination.
T

he
am

plitudes
ofthe

acoustic
w

aves
atthe

last
scattering

layer
depend

upon
the

phase
difference

from
the

tim
e

they
cam

e
through

the
horizon

to
lastscattering

layer,thatis,they
depend

upon

(87)

Letus
labelthe

w
avenum

ber
ofthe

firstacoustic
peak

.
O

scillations
w

hich
are

out
ofphase

w
ith

the
firstacoustic

peak
also

correspond
to

m
axim

a
in

the
tem

perature
pow

er
spectrum

atthe
epoch

ofrecom
bination.

T
here

is,how
ever,an

im
portant

difference
betw

een
the

even
and

odd
harm

onics
of

.
T

he
odd

harm
onics

correspond
to

the
m

axim
um

com
pression

ofthe
w

aves
and

so
to

increases
in

the
tem

perature,
w

hereas
the

even
harm

onics
correspond

to
rarefactions

ofthe
acoustic

w
aves

and
so

to
tem

perature
m

inim
a.

T
he

perturbations
w

ith
phase

differences
relative

to
thatofthe

firstacoustic
peak

have
zero

am
plitude

atthe
lastscattering

layer
and

correspond
to

the
m

inim
a

in
the

pow
er

spectra.
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Interm
ediate

A
ngular

S
cales

To
find

the
acoustic

peaks,w
e

need
to

find
the

w
avelengths

corresponding
to

frequencies

(88)

A
dopting

the
shortw

avelength
dispersion

relation
,

(89)

the
condition

becom
es

�

�

(90)

T
hus,the

acoustic
peaks

are
expected

to
be

roughly
evenly

spaced
in

w
avenum

ber.
T

he
separation

betw
een

the
acoustic

peaks
thus

provides
us

w
ith

further
inform

ation
aboutvarious

com
binations

ofcosm
ologicalparam

eters.
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Interm
ediate

A
ngular

S
cales

T
he

nexttask
is

to
determ

ine
the

am
plitudes

ofthe
acoustic

peaks
in

the
pow

er
spectrum

.
T

he
com

plication
is

thatthe
acoustic

oscillations
take

place
in

the
presence

ofgrow
ing

density
perturbations

in
the

dark
m

atter,w
hich

have
greater

am
plitude

than
those

in
the

acoustic
oscillations.

T
herefore,in

dark
m

atter
scenarios,the

acoustic
w

aves
are

driven
by

the
larger

density
perturbations

in
the

dark
m

atter
w

ith
the

sam
e

w
avelength,thatis,the

perturbations
are

forced
oscillations.

In
a

sim
ple

approxim
ation,

grow
th

rate
ofthe

oscillation
is

driven
by

the
grow

ing
am

plitude
ofthe

dark
m

atter
perturbations:

�

(91)

T
he

sound
speed

is
given

by
�

(92)
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Interm
ediate

A
ngular

S
cales

In
the

lim
it

,the
m

onopole
and

dipole
tem

perature
fluctuations

are
ofthe

sam
e

am
plitude.

H
ow

ever,w
hen

the
inertia

ofthe
baryons

can
no

longer
be

neglected,the
m

onopole
contribution

becom
es

significantly
greater

than
the

dipole
term

.

A
tm

axim
um

com
pression,

,the
am

plitude
ofthe

observed
tem

perature
fluctuation

is
tim

es
thatofthe

S
achs–W

olfe
effect.

F
urtherm

ore,the
am

plitudes
ofthe

oscillations
are

asym
m

etric
if

,the
tem

perature
excursions

varying
betw

een
for

and
for

.

T
hese

results
can

accountfor
the

som
e

ofthe
prom

inentfeatures
ofthe

tem
perature

fluctuation
spectrum

.
T

he
tem

perature
perturbations

associated
w

ith
the

acoustic
peaks

are
m

uch
larger

than
the

S
achs–W

olfe
fluctuations.

T
he

asym
m

etry
betw

een
the

even
and

odd
peaks

in
the

fluctuation
spectrum

is
associated

w
ith

the
extra

com
pression

atthe
bottom

ofthe
gravitationalpotentialw

ells
w

hen
accountis

taken
of

the
inertia

ofthe
perturbations

associated
w

ith
the

baryonic
m

atter.
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S
m

allA
ngular

S
cales

S
ilk

D
am

ping
scale

results
in

the
suppression

ofhigh
w

ave
num

ber
m

odes
on

scales
less

than
about8

M
pc

atthe
presentepoch.

T
he

superposition
ofperturbations

dam
ps

outthe
perturbations

w
ithin

the
last

scattering
layer.

T
he

S
unyaev-Z

eldovich
effectassociated

w
ith

hotintergalactic
gas

in
clusters

of
galaxies

creates
additionalsm

allscale
perturbations.
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T
he

W
M

A
P

P
ow

er
S

pectrum

M
any

ofthe
features

ofthe
above

analysis
can

be
observed

in
the

W
M

A
P

pow
er

spectrum
.

T
he

location
ofthe

m
axim

um
ofthe

firstpeak
in

the
pow

er
spectrum

.
T

he
asym

m
etry

betw
een

the
first,

second
and

third
peaks.

T
he

flatness
ofthe

spectrum
atlow

values
of

.
T

he
polarisation

and
the

large
signalatvery

sm
allvalues

of
.

60



P
aram

eter
E

stim
ation

using
W

M
A

P
and

S
D

S
S

M
ax

Tegm
ark

and
his

colleagues
have

used
the

W
M

A
P

pow
er-spectrum

and
polarisation

to
m

ake
param

eter
estim

ates.
T

he
yellow

areas
show

probability
distributions

using
W

M
A

P
alone;the

red
areas

include
the

pow
er

spectrum
of

galaxies
from

the
S

loan
D

igitalS
ky

S
urvey.
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P
aram

eter
E

stim
ation

using
W

M
A

P
and

S
D

S
S

P
aram

eter
S

tatus
W

M
A

P
alone

W
M

A
P

+
S

D
S

S

N
otoptional

		

		

N
otoptional

		

		

N
otoptional

		

		

N
otoptional

		

		




N
otoptional

		

		

		

		

N
otoptional

N
o

constraint

		

�

�
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C
oncordance

V
alues

ofthe
C

osm
ologicalP

aram
eters

P
aram

eter
D

efinition
V

alue

H
ubble’s

constant
72

km
s

M
pc




space
curvature

0
dark

energy
density

param
eter

0.72
totalm

atter
density

param
eter

0.28
baryon

density
param

eter
0.047

dark
m

atter
density

param
eter

0.233
scalar

spectralindex
1

am
plitude

ofscalar
pow

er-spectrum
0.89

reionisation
opticaldepth

0.17

T
hese

values
agree

w
ith

independentestim
ates

ofthese
param

eters
by

totally
different

procedures.
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IndependentE
stim

ates
ofC

osm
ologicalP

aram
eters

H
ubble

S
pace

Telescope
estim

ate
ofH

ubble’s
constant

km
s

M
pc

.

E
stim

ates
of

from
Type1A

supernovae,
.

A
verage

M
ass

D
ensity

in
the

U
niverse

from
Infallinto

S
uperclusters:

if
.

S
ynthesis

ofthe
lightelem

ents:
.

N
ucleocosm

ochronology:
T

he
bestestim

ate
ofthe

age
ofthe

G
alaxy

is
billion

years.

A
ges

ofG
lobular

C
lusters

billion
years.
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