Lecture 5

21 Coherent states path integrals

21.1 Boson coherent states

Recall harmonic oscillator on H = L?(R); (m=h=w=1)
Q1 . 1 , Pl _
H=" 3% _= = P — —_(Q—iP
= [a,al] = 1.

Number operator: N =d'a with Nin) =n|n), n=0,1,2,3,....
Ground state: al0) =0

Excited states generated by a': |n) = \/—177' (aT)n |0)
Boson coherent state:
2) = ezl P a0y, zecC.
Consider
X .n X .n _
11,2 y4 n 10,02 2z n—1
— 3l —(T)O:—E\Z\ _,(T) 0) = 2|2) .
alz) =e ;n'aa |0) =e T;n!na |0) = z|2)

Coherent states are eigenstates of annihilation operator with complex eigenvalue z.
We may set z = %(q +ip) , which may be viewed as phase-space variable (p,q) € R2.
Also note: (nlz) =e —3 A Z—n'

Over-Completeness:

Using BCH formula eXe¥ = e[ Y]eYeX if (X, [X, Y]] = 0=V, [X,Y]|

!

e%|z|2+%|z’\2<zlzl> _ <0|ez*aez’aT|0> _ <0|ez*z’[a,aT]ez’aTez*a|0> _ ez*z<0|ezaT|0> — o7F

(2]2/) = exp { 4|22 = 3[2/]2 + 22/}

Normalised: (z]z) =1

Resolution of unity:

/d2 (n]z)(z|m) /d2 7"2'22 s
Valm!
Zei(n_m)ﬁp

=/ d dep pm e ———
/0 p/o oP vnlm!
o 0 m .
= — dmn dt —e ™" = 1
m)! 0 2

/C%zm:l

General definition of arbitrary coherent states:

e Strong continuous in their label
e Over-completeness

e Resolution of unity
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Time evolution:

. 2"
e /N ) E e iwt(nt3 )|n Y(n|z) E eiwt(n+3) In)e —3lel? 2
Vil

n=0
th

2 cwt .
Z|n e 2l Z|n (n|ze™ W = 715 | ze )
\/_

Label of coherent state follows classical eq. of motion: z(t) = e “!2(0), that is,

q(t) = q(0) coswt — p(0) sinwt, p(t) = p(0) cos wt + q(0) sinwt .

%z e 2 .
—Ze k=2 dr re ¥ dse ==
T 0

For symmetric A = Af >0, dimA =n

Gaussian integral:

2>
&7 a1
7 det A

21.2 Boson coherent state path integral

Consider normal-ordered Hamiltonian H (a',a) = :H (a',a): .
Here, all a are to the right of all af, then

(z|H(a",a)|2') = H(", #'){2|2")

Example: caat:=ala | harm. osc. H =: %(P2 +Q?): = hwa'a
1 ol
—1Ht/ﬁ e—lwtn — _ —
Z —e Wt 9igin

2

Consider Lie-Trotter

to arrive at

22
< |e 1Ht/h|20 o hIIl H/d k H <Zk|zk 1> <1—7—1H(2k,zk 1) >

J/

:efj‘zk‘Qe_"zk 1|2 zk_le—ﬁH(zk,zk_l)e

With 1 1 1 1 1 1
—§|zk|2 + Ezsz_l — §|zk_1|2 + §zsz_1 = _EZZAZk + EAzsz
one finds
N-1 2 N .
. d 1 1
(|~ iHt/h| 1y = A}gnoo H / ;k H exp {ﬁAzsz - §z2Azk - iliH(Z;’ zk_l)s}



Imposing periodic boundary conditions (when looking on partition function), i.e. z(0) = z(¢)
one may integrate by parts and action reads

S(t) = /Ot dr [%(z’*z _ ) - H(z*,z)] - /Ot dr [ihe*s — H(2", 2)]

Consider harmonic oscillator H(z*, z) = hwz*z (normal ordering!)

. ¢ N
Tre HU/h = / Dlz(T)] exp {1/ dr 2" (10, — w) z} =—
2(0)==(t) 0 det (i0; — w)
Eigenvalues for periodic boundary: A= F2n —w, nez. (Homework)
N _ N 1N e 1 _ N
det (10; — w) %tméol—% %tn:11_(2¢,:r_2)2 sin%t

Obviously, Nj; = ei%t/Qi.

Comments:

e For anti-periodic boundary condition one would not get the correct result!
(add. homework)

e RULE: For bosonic degrees of freedom always apply periodic boundary conditions

22 Path integrals for Fermions

22.1 Grassmann numbers

We have seen that complex numbers z € C may in essence represent the classical phase
space of a bosonic degree of freedom.

Similarly Grassmann numbers may represent the ”classical phase space” of a fermionic
degree of freedom.

Grassmann algebra: over the field of complex numbers is generated by the set {1, v}.
¥ is "complex” conjugate of ¢ and the algebra is define via anti-commutator

v} =y +yo=1, {v}=0, {d¢}=0.

That is, ¢2 = 0 = 3"
Integration and differentiation are defined by

/de:O, /d¢¢:1, %1:0, %w:L

¢ and 9 are odd Grassmann numbers (anti-commute) , while 1) is an even (commuting)
Grassmann number.

22.2 Fermion coherent state

Let f, f be fermion creation and annihilation operators, i.e.,

(=1, =0 =0

Fermion number operator F := f'f obeys

F=flfflf=f0-fINf=ff=F = specF={0,1}.
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Two-dimensional Fermion Hilbert space H = C? = span {|0), |1)} with
Floy=0, Fl1)y=[1) or floy=0, floy=1, fl1y=[0), f1)=0.

Define fermion coherent state in analogy to bosonic version:

) =072 el [0) = &2V T J0) = 2% (|0) — ¢1))

Note: ¢ and f anti-commute, i.e., f and f! are odd operators with respect to Grassmann
algebra. Adjoint is given by

(V] 5= 0727 (0l = =2 (0] + (1)

Eigenstates:  f[)) = v[¢) (WIf = (|
Proof: fl) = e 2% 9|0) = g},  (W|fT = e 37¥ (0] = § ()]

Over-Completeness:

(Yl¢') = exp { -390 — 3

Normalised: {(¥|¢) = 1.

Resolution of unity:

™Y (10) — (1)) ((0] +¥(1]) = (1 = Pv) (10)(0] - [0)(1] +|0)(1] — Ful1)(1])

/ Aoy [y {ap] = 1

Time evolution:
Let us consider fermionic oscillator Hamiltonian H = hwf!f = hwF

e HU/Ms) = &= PVeIT (0) — 1)) = e3P (|0) — e M1 1)) = |ely)

Note at) = a*1).
wt

Tre VM =1 4 oWt = 96715 cos(4).

Gaussian integral:

/ dibdep e~ = / dode (1 — agh) = a

For a symmetric matrix A = AT, dim A = n (see, e.g.. Zinn-Justin)
/ Ay dey - - - ddpdab, e~V AY = det A

22.3 Fermion coherent state path integral

Again we consider a normal order Hamiltonian H(f, f) =:H(fT, f): for which we can write

WIHT, W) = H@p, ") (Wl

Consider Lie-Trotter

N—oo

. N
e—th/h — lim (1 — %HE) with t = Ne
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insert N — 1 times resolution of unity

/ 0P e [ (] = 1

to arrive at

N—-1 N .
(e H apg) = i 1T /C@kdd)k I @elvn) <1 - %H@k,wk—ﬁf)
k=1 k=1

— 1 — -
e 3Pk Vhem 3Pk 1%h—1oPk k1o~ F H@ptp—1)s

With 1 ] ] ]
—éakﬂﬁk - 5@1@—1%—1 + pthp—1 = _§EkA7/)k =+ §A_¢k1/)k—1

one finds

) N-1 _ N 1 1_ . _
("le”HMy) = Jim ] / dydyy, [ exp {5Awkwk_1 — 5 UrAYx — ,%Hwk,wk_l)s}
k=1 k=1

Joivv e {3 [(ar [R@u-5) - n@.0]}

Here we impose anti-periodic boundary conditions (when looking on partition function), i.e.
¥(0) = —(t) and (0) = —¢(t). Integration by parts results in action

, t h — . _ t . _
s) = [ ar |0 T - 1@ = [ ar [0 1G0)
Consider harmonic oscillator H = hwf1f, that is H (1), ) = hwi)

t
Tre Ht/h — / DD exp {1/ dT@(iar —w) 1/1} =N det (i0; — w)
P(0)=—9(t) 0

Eigenvalues for anti-periodic boundary: A =502n+1) —w, nez.
wt o wt 2 wt
det (10, —w) = N [[ (1 - o= ) = T (— Y V) A eos ™
N det (i w) NWEZ< 77(2n—|—1)> ./\/'nlzl1 ( <7T(2Tl—|—1)) ) N cos 5

Obviously N7 = 2% .
Comments:

e For periodic boundary condition one would not get the correct result! (see boson case)

e RULE: For fermionic degrees of freedom always apply anti-periodic boundary condi-
tions when calculating the trace (partition function)

22.4 Witten index
Again, let I = hwf'f = hwF and consider

. . swt wt
Tr ((—l)fe_lHt/h> =1—e = 2ie71% sin %

Obviously, this quantity (called Witten index) is represented by a
path integral with periodic boundary conditions

t
) FeiHYR) 7D ; D0 — )0 b = A sin
Tr (( 1)7 et )_/w(o)_w(t)szDl/J exp{l/o dr (10, w)z/z}— Fsin 2
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where NV}, = %1% .
TS ! 1 /A v
Observation: Bz Npsin g=1 I =
Consider supersymmetric Hamiltonian Hgygy := hw (aTa + fT f).
Witten index:

A= Ty ()T erHsvsr /1) = my (1) et 1) Ty (emivtale) —
For supersymmetric quantum systems the Witten index is a constant (topological index)

and thus independent of any parameters (here w) of the Hamiltonian.
The Witten index is represented by a path integral with periodic boundary conditions

t
A= = . T .
/Z(O)_Z(t) Dlz()] /10(0)—10@) DyDy exp {1/0 dri(z"2 +Yy) —w(2"z + qup)}
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