Lecture 2

9 Path integration via fluctuations around classical path

We still consider the free particle (only one classical path between z’ and x’)

z' =z (t) : t
Ko(z",z';t) :/ Dz (7)) eXp{l/ dTmii‘Z}
x'=xz(0) h 0 2

Let (1) = za(7) + q(7); q is fluctuation around classical path with ¢(0) = 0 = q(¢).
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Path integral now reads

. 4(t)=0 : ¢ 12
"oty — o(i/1)Se i@ -
ote", ') =% [0 Cotg(ress {35 [Lar o) (~7) ot}

Fluctuation operator: (f%) with Gauf} integral
Consider the eigenvalue problem

d2
—9m#n(T) = dgn(r)  with  p(0) =0 = (1)

Solution: on(T) = \/gsm (”;TT) with Ap = ("%)2 >0 n=1,223,...
classical path is minimum of the action fucntional

t
Solutions are orthonormal: dr on(7)em(7) = dmn

0
Decompose ¢(7) into these modes

= Z Cn‘Pn(T)

n=1

This is a linear transformation ¢(7) — ¢p.
The Jacobi determinate is a (unknown) constant.
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We also have



Hence the path integral reads
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Compare with finite dimensional integral

i 2mi)D
dD —*TA (
[oamen{s7arh =25

This allow interpretation of path integral as determinant of fluctuation operator
q(t)=0 im [t d? N’ m
D -—— [ d —— = =
/ _ Dlg(r)]exp { = / 7 q(7) < de) ‘1(7)} N\ 2nine
(0)=0 0 det (_ d )
dr?

Determinants of operators are not well defined but their quotients may be
== Theorem of Coleman later

10 The quasi-classical approximation

Recall path integral representation of propagator
"' =x(t) i
K@) = [ pla(r)] exo { 5leto]
z'=z(0) h

with action functional
Sla(r)) = /Ot dr |5 i(r) = V(a(r)] .

10.1 Basic idea

For S[z] > h only those paths significantly contribute, which are near a stationary path
where §5 = 0

= Hamilton’s principle (constructive interference)

Consider only paths up to second order deviations around such a classical path.
Let x¢ be a classical path with §S[zq(7)] = 0 and z(0) = 2/, zq(t) = 2"
Expand action functional to 2nd order in ¢, with z(7) = xq(7) + ¢(7)

sl = [ dr [ a0~ Viwa +9)]

¢ m .5 ..o Mmoo / 1 " 2 3

~ [ |5 w4 - Vi) < V) - 3V ) +0(°)
0

= S[wa] + 65 + 625 + - -

Here we have
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¢
e O(¢"): Slza] == /0 dr [% &3 - V(:Bcl)] the classical action along x

t t
d O(ql): 68 :_A dr [mftclq. - V/(xcl)Q] = mfi?C1Q|f) _/0 qu [md}cl - V/(xcl)] q= 0
—— —_——

't m . 1 m [t 1
e O(¢%): 4°S ::/0 dr [5 Q- §V”(xc1)q2] = 5/0 drq(7) {—83 = —V"(za)| a(7)

This expansion must be done for each classical path z, obeying x,(0) = 2’ and z,(t) = z”.

Note, in general there exist several solutions to this boundary value problem! o =1,2,3, ...

= K(2", 2';t) Z]—" exp{ So } with So 1= Sz

and

mt= [0 D)o {35 [ aratr) [0 - Lven)] )}

Recall previous section

B det(—02) ,_ m
Ful) = ROy oo ey e A0

10.2 Theorem of Coleman

Let fi be the unique solution of the initial value problem
2 —W(D)] fw(r)=0,  fw(0)=0 and  fu(r)=
Then

det [-02 ~U(r)] _ fu(!)
det 92 V(7] _ fr(D)

where the determinant det A is the product of the eigenvalues of operator A on the function

space H := {p € L*([0,1])|p(0) =0 = ¢(t) }.
That is, Coleman’s theorem relates the initial value problem with the boundary value prob-
lem.

Proof: see Tutorial Exercise 4

10.3 Lemma related to the fluctuation operator

825, 17"
v () =—m [893”896’]

Proof:
Let 24(7) = zo (2", 2/, 7) ie. zo(2”,2,0) = o, (2" 2 t) = 2.
Let pl, := md, be the initial momentum at 7 = 0 = Pl = pa(z").
Let J(z/,pl,,T) := %}Ej) variation of classical path when changing initial momentum.
S My = — V! j— _ OV'(za) _ oy dxg _ M
o Newton: mi, = —V'(zq) = mJ = o=V (:Ua)ap, =-V"'xq)J
2 1 1 /o
= -0z — EV (Za(T))| J(z',py,T) =0
J(',pl,,0) = ap, =0 as 2’ and 2" are independent and p[, only depends on z”.
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7 Otq (0 pl.
T, ps 0) = S = S5 = 5
mJ(x' pl,,t) = f 1 V() () obeys conditions needed for Coleman’s theorem

e Consider action

t t i
95a :/ dTi [mwz - V(xa)] :/ dr [mia(?xa - V,(xa)% =
0 0

o' ox' L27°¢ ox' oz’
t ) 0y 0,
_/odT[mfaaTat/_ ’(a)al}—
. Ox . Ox
= mazaa—; . —/0 dr [miq + V'(z4)] 3_;
5 =0
= miq(z", 2’ t) 3 o (2", 2’ t) — mig (2", 2,0) % =-—p,
— =pl,
———

=0
028, opl, x"\ —1
T o290  ox" <%> = [J(2',pa, 1)]

e Proof completed

10.4 Van Vleck-Pauli-Morette formula
Above result together with fo(¢) = ¢ for the free particle (see below) we arrive at

det [—02] _ o)t DS,

det [-02 — LV (zo(7))] fivipa(®) m 0z Ox’

Futy= J (L 2Sa NP [ 95
N 2kt m Ox"Ox’ ~V 27k Ox" Oz

Van Vleck-Pauli-Morette formula:

i %S i
RKE"a50 = 2\ 5or garaw P {738“}
To

Hence

In d dimension

K(z" x"t)—z . ddet 0% ex iS
Tz orh oxlozy ) P\ 7

10.5 Examples
e Free particle: V(xz) =0
—9%fo(t) =0 = fo(T) =ar+b

fo(0)=0 = b=0, fo(0) =1, = a=1 =
Single classical path
, m 2 025, m
Sa(z” 2’5 t) = 5% (2" —2') = ar — Tt

Check Lemma:

9254 17 t
fo(t) = —m {W] = —m <_E> =t QED



e Harmonic oscillator: V(x) = = . =V'(x) =

(x
(<02 w?) fa(r) =0 = fa(r) = asin(wr) +beos(wr)

m, 2.2
20)1‘

f20)=0 = b=0, f2(0)=1, = a=1 = foe(t) = Lsin(wt)
Classical action: Homework problem 6
Sa(x” x';t) = e [(33”2 + 2" cos(wt) — 22"z ’} = Pba _ _mw

cl 2 sin(wt) 0x"dx'  sin(wt)

Check Lemma:

fur(t) =—m [—ﬂ] T _ sin(r) QE.D.

sin(wt) w

For application to Green’s function see Exercise 5.

Eigenvalues: Ap = (’T—t")2 —w?, assume 7n < wt < w(n+1)

== first n eigenvalues are negative; each contributes a phase factor e ™'z (Morse index!)
See also Tutorial Exercise 3 and Homework Problem 7.

Tutorial Exercise 4.

11 Path integrals in polar coordinates

Assume central potential V(%) = V(r) with r = |Z|
Lagrangian:

mi.a 2,2 2. 2p:2]

5 | + 770 +r°sin” 6 V(r)

Polar coordinates:

x =rsinfcosy r €[00, 60€[0,7], ¢e€]l0,2n]
y =rsinfsing d3% = r2dr sin#df dy
z =1rcosf

Path Integral:

Short-time action:

Note
22 gz oz 2.2 02 oo ,

|AZ;|" = |Tj — Zj1|" = 7] +7j_1 — 2175108 O

_Fi L1

cos O = cosfjcosf;_1 +sinf;sind;_1Ap;

riTrj-1
11.1 Performing the angular integration

im MriTi_q
exp { = oe [—2rjrj_1 cos @j]} = exp {ng Cos @j}

Gegenbauer expansion formula (recall QM scattering on sph. sym. potential or Rayleigh’s
expansion)

oizcos® _ <2> I'(v) Z(f +v)CY (cos O)Ipy,(i2)

1z
(=0
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CY: Gegenbauer polynomial, ultra spherical polynomial
v= % C’gl / 2(cos ©) = Py(cos®) Legendre polynomial
v= ‘1%2 appears in d dimension, d=3 —> v = %

I;: modified Bessel function

I': Gamma function

Now we let v = %, z =Tt [(1/2) ==

im 2mihe

Eh(r?-+r]2_1)} W

ad 1 mriri_i
<3 (1 g) g (PG Pyfeoson
£,=0

@

"

ko]
—
[\
Q3

>

S

o
——

|

@

4

ko]
—
|

Short-time propagator:

Lo m\3/2 wihe irm, o o _
K@) %1:2) = (27rih£) \/ 21 eXp{i_i [Q_E(Tj i) V(T*7)E}}
> mrirj_q
X Z (2¢; + 1)I£j+% (f—hsj) Py, (cos ©;)
;=0

™ i v
ihe g D { h [25 4 7i-) V(T‘Q)E] }

L2041 mrri_1
> (T) Ly () Puleos))
4=0
Recall spherical harmonics Yz, (6, ¢):

20, + 1 €
< ]471' )ng(cos@j)— z Y;{jvrzj(ejaﬁpj)njmj(ej—17301—1)

mj:—ﬁj

and
L 27
/0 de] Sin 9] /() dsa] }/ijj (9]7 @j)}/ﬁj+1’nl]‘+1 (0]7 <p]) = 5€‘7€‘7+15m3mj+1

Angular integration becomes trivial

o

K@, &5t =)

£=0

20+1

Py(cos ©)Ky(r",r'; 1)

with cos© := % and radial path integral

where the radial short-time propagator is given by

i

__m I me e mryTi-1
B ihé, /TiT5—1 exp{h |:2€(T] +T]_1) V(TJ)E]}IH—; ( ihe )

ko(rj,rj—1;€) -

11.2 Discussion of radial path integral
Consider asymptotic expression of Bessel function

i > —1/4
I,(z)= c 1-2 / +0(27?) for Rez >0,
27z 2z
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recall ]
z:% and Imm>0<Rez>0 and - =0(¢)
i z

Within a path integral we may set

1 V2 —1/4
I,(2) = \/%exp {z — T/}

This allows us to express the short-time propagator as

m ihe ig® m 1 ig®
ke(rj,mj—1;€) = - enSi = - et S
ihe,/rm; 1 \| 2mmrr_q 2mihe rjri_q

with radial short-time action

mrjricn (C43) =

SO = B2 ) V(e - —Ap2e

J 3 3 2mrj7"j_1
m (e+1)
= AP V(r) 4+ — L
2: " < (rs) + 2mrjrj_1> c
and radial effective potential
0+1)
Ve (rj) = V(rj) + DS

Comments:
e Centrifugal potential shows up as expected
e Becomes problematic for explicit integration due to singular term ~ 1/r2 for r \, 0
e Always remember that this originally comes from a Bessel function. The radial part
of Brownian motion in R3 is not a Wiener but a Bessel process (later)
11.3 The radial harmonic oscillator

Here we have V(r) = %erQ. For short-time action we choose arithmetic mean of squared
distance

2
mw
Vi(ry) = T(ng +771)

Short-time propagator

m i Tm mw2 mriri_q
k({(Tj, T‘j_1§5) = W exXp {ﬁ [%(']2 + T'JZ’—I) - 1 (7]2 + 7'?—1)6] } IZ'*’% ( ljfig )

Letsing :=we — cos¢p=+/1—sin>¢=1— %w252+()(€4) approx. only in potential
term

mw i mw MWT 151
N CHRTYS — L —— L SR P S S (e
elrjomi-1ie) ihsin ¢, /5751 exp{h g (77 i) ¢} H;( ihsin ¢

Define

2y
(", n's ¢) = )

exp {i(n” + 1) cot ¢} I ( —

ising
with ReA >0, 0<n’ 7 <oco, 0<¢<m.
Using Weber’s formula in its modified form (see exercise 7) where Re A > 0 and Rea > 0

o a2y (AT br i i, 9 5 iab
e, (VT () = _ I, [ —=
/0 drre ’\(i))‘<i) 2anp{ 4a(a +b)}/\< 2a>
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one can show

/ dnox(n”,m; ¢")ox(n, s ¢") = va(",n'; 8" + ¢')
0

Now we let 7; := %rjz and write

ko(rj,rj—1;e) = 7 (rjrj1) 2 'Ue+%(7/ja”lj—1§ ®)

Explicit path integration:

N
Ky(r",r';t) = lim H/ drjr H o(rj,mi-1;€

N—oo --
_mw 1 lim
= Th ]”7 N—>oo drj 7"] HW+ (mj:mj-1; )
j H_/j 1
=dn;

_mw 1 . "o
I A I&EHOOW"‘%(U 15 NY)

. wt
A}gnoo N¢ = hm (N arcsin N) = wt

mw 1

= TTWUH%(W 15 wt)

_ MY e imw(r"2+r'2)cotwt I mer T

/'y ihsin wt *P1n 2 3 \ ihsinwt
Recall

(@, 2 ZKeT r';t) ZYem Y0 )

For wt = nm, i.e. t = nT/2, n € N, above expressions are to be understood in a distribu-
tional sense. See Homework problem 7.

Spectral properties:
Consider Hille-Hardy formula

1 1, 5 o 1+p? 2xyp
1_pzexp{—§(3: —|—y)1_p2 L, s =

o 2n+v

—(my)”exp{—%(a:2+y2)}zr(z'_i—w LY () LY (y%)

sz”): Associated Laguerre polynomials and p € C\{-1,+1}.

Let x =1'/rg, y = 1" /1o, 10 := Vh/mw, v =L+ 1/2 and p = e % wt # nr.
Note that
20 2e W 1 1+p? coswt 1

= — = = = — cotwt
1—p2 1—e 2w  jsinwt’ 1—p? isinwt i

Radial propagator

) 1 2p 1, 5 9 1+ p? 2xyp
Ke(,,,//,’r/’t) = —ﬁ eXp{_i(IIf +y )1_—p2 I({+% ﬁ

Vzyl 1p

20 erd { L2 2}00 nlp? e ey 5 e+d)
= x 2 ex T°+ —— L, ?(z“)L, 2

_xy( y)TEexp e —5 (@ +y7) ;F(n+£+g) w2 (@)Ln 2 (y%)

_Z _(l/hEntR ( )Rné( )
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. PR 3 .
with p?" s = W HES) we arrive at

E, =hw@n+(+3)

2n! P\’ 2 e+
R _ o —r?/2rg L 2 2.2
)= e () U ()

A long way to a well-know result, but our first explicit non-trivial path integral!
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