
2. Homework in ”Path Integrals”

Problem 6: The Classical Action of the Harmonic Oscillator

The one-dimensional (q ∈ R) classical dynamics of a harmonic oscillator with mass m > 0

and frequency ω > 0 is characterized by the Lagrangian

L(q̇, q) :=
m

2
q̇2 − m

2
ω2q2 .

a) Show that the general classical solution is given by

xcl(τ) = a cos(ωτ) + b sin(ωτ)

and for the boundary conditions xcl(0) = x′ and xcl(t) = x′′ (t > 0) the constants a and b

are given by

a = x′ , b =
x′′ − x′ cos(ω t)

sin(ωt)
, ωt 6= nπ , n ∈ N .

b) Show by explicit calculation (ωt 6= nπ, n ∈ N)

Scl(x
′′, x′, t) :=

∫ t

0

dτ L (ẋcl(τ), xcl(τ)) =
mω

2 sin(ωt)

[(
x′′2 + x′2

)
cos(ωt)− 2x′′x′

]

Problem 7: The Quantum Propagator of the Harmonic Oscillator

The quantum dynamics of the one-dimensional harmonic oscillator (mass m > 0, frequency

ω > 0) is characterized by the Hamiltonian

H(P,Q) :=
P 2

2m
+
m

2
ω2Q2 acting on H = L2(R)

with eigenvalues En and eigenstates |ϕn〉, H|ϕn〉 = En|ϕn〉, given by

En = ~ω
(
n+

1

2

)
, 〈x|ϕn〉 =

1√
2nn!

(mω
π~

)1/4
exp

{
−mω

2~
x2
}
Hn

(
x
√
mω/~

)
where n ∈ N0 and Hn denotes the Hermite polynomial of order n.

Use the spectral representation of the propagator K(x′′, x′, t) = 〈x′′| exp{−iHt/~}|x′〉 and

the Mehler formula

1√
1− ρ2

exp

{
−ρ

2(x2 + y2)− 2ρxy

1− ρ2

}
=

∞∑
n=0

(ρ/2)n

n!
Hn(x)Hn(y) , ρ ∈ C\{−1, 1} ,

to show that (Hint: ρ = eiωt)

K(x′′, x′, t) =

√
mω

2πi~ sin(ωt)
exp {(i/~)Scl(x

′′, x′, t)} , (ωt/π) /∈ N0 .

Discuss the case (ωt/π) ∈ N0 using the spectral representation of the propagator.


