2. Homework in ”Path Integrals”

Problem 6: The Classical Action of the Harmonic Oscillator
The one-dimensional (¢ € R) classical dynamics of a harmonic oscillator with mass m > 0

and frequency w > 0 is characterized by the Lagrangian

m m

L(d,q4) == 5 q - 5w2q2-

a) Show that the general classical solution is given by
2q(T) = acos(wrt) + bsin(wr)

and for the boundary conditions z,(0) = 2’ and z4(t) = 2” (t > 0) the constants a and b

are given by
" — 2 cos(w t)

a=2x2, b= , wt#nm, neN,

sin(wt)
b) Show by explicit calculation (wt # nm, n € N)
t
Sula", o, 1) = / A7 L (da(7), 2 (7))
0

mw

= m |:(.Z'H2 —+ I‘/Q) COS(Wt) _ 2x//x/]

Problem 7: The Quantum Propagator of the Harmonic Oscillator

The quantum dynamics of the one-dimensional harmonic oscillator (mass m > 0, frequency

w > 0) is characterized by the Hamiltonian

P2omo, o, - 2
H(P,Q)::%%—?wQ acting on H = L*(R)

with eigenvalues E,, and eigenstates |¢,), H|p,) = E,|@n), given by

oo (4 3) ) = e () o -}, (e )

where n € Ny and H,, denotes the Hermite polynomial of order n.
Use the spectral representation of the propagator K (z”,2',t) = (2”|exp{—iHt/h}|z’') and
the Mehler formula

N B N (CLOUNEL-VE RIS

to show that (Hint: p = e“?)

n=0

mw

K2 o 4) = [— %
(2%, 21) 27ihsin(wt)

exp{(i/h)Sq(z",2',t)} , (wt/m) ¢ Ny.

Discuss the case (wt/7) € Ny using the spectral representation of the propagator.



