Exercise 14: Spectrum Generating Algebra su(1,1)
The Group SU(1,1)

The set of 2 x 2 matrices

—(‘1 b*) with  a,beC, |a?—|p>=1
b* a

forms the group SU(1,1). The matrices are quasi-unitary as
1 0 + (10
IV o0 -1 )9 " \o -1
Vilenkin uses notation QU (2).

cosh 2 ei% sinh 2 ei%
g(a,ﬁ,’y) = ( . 2 iy 2 _ia

sinh g ez cosh g e 12

Parametrisation:

With 0 < o,y < 27 and 0 < 8,0

Generators: 5
_ g i1 0y
Xa_8a8_2<0 —1) 203
dg 170 1 1
Xp= < == J—
=98, 2 ( 10 ) 271
i i, 1
Xfy = [XQ,XB} = 1[0'3,0'1] = 4_1 210‘2 = —50'2
Algebra:
(Xo, Xp] = X5, [(Xg, X\ = —Xq, (X, Xa] = X3,
or with Jy 1= —iX,, Jo 1= —iXg,J3 := —iX,
[J1, o] = —iJ3, [J2, J3) = iJy, [J3, J1] = iJy
Cartan metric: ‘ .
g = 021))20%3 = (_1)(—1) =-1

922 = ‘323021 = (1)) =
933 = 031032 = ({)(-1) =

Casimir: J? = —J? — J3 + J2 is NOT bounded!!!

(
(=

SU(1,1) is a non-compact group but locally compact

All UIR are infinite-dimensional

The UIR of SU(1, 1)

Let us enumerate the UIR similar to SU(2) by label j and chose basis digitalising the
compact operator .J3

T2gm) =3+ Dlgm),  Jslim) = mljm)
Note j <> —j — 1 are equivalent reps
_1.4§
e Continuous Principle Series: Dg 2 +lp.c0)

]:_%+1p7 p>07 506[—%»%[

specf2:—i—p2<—}l, specJ3 =¢eg +m, m € 7
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o Continuous Supplementary Series: DY)

je[_%70}7 506[_%7%} with |j+%| S%_|EO‘

specj?:[—%l,()], specJ3 = &g+ m, meZ

e Discrete Series: Dj

j>—1, m=j+1,7+2,... bounded below

e Discrete Series: Dj_

j>-—1, m=—j—1,—3—2,... bounded above

The su(1,1) symmetry of the 1/r problem in R?
H = L*(RY), (Qi, Pj) =10;;  i,j=1,2,...,d>2, (h=1)
Ri=|Ql= (@ + Q3+ +@3)"

The su(1,1) structure:

Let
d—1

2 )

then a little calculation shows that these obey an su(1,1) algebra

1, = = 3 1 »5
Ji I:§(RP2_R)7 Jo :QP_I J3 = 5<RP2+R)

[J1, Jo] = —iJ3, [J2, J3] = 1J1, [J3, J1] = iJ3

with Casimir operator
> o = - o - o 1
TP B - B+ =GP i -G P~ (@ PP+ (d-1)(d-3)

Angular momentum in R%
Let

Lip == QiPy — QP = — Ly
then 4
. 1 - Lo
2._ 2 F2P2 2
L ._52 L} =Q*’P?+i(d-2)Q-P—(Q-P)
i,k=1
Note L? has eigenvalues (l+d—-2),£=0,1,2,3,...
Observation:

J? :Ij2+%1(d—1)(d—3)

Angular momentum eigenspace is also reps space of su(1,1)
JG+1) = l+d-2)+3(d-1)(d-3)
i+t = CHil+d-2)+3(d*—4d+9)
(G+3)? = (L+92)

Hence

- d—3
j=0+5

Furthermore J3 > 0 = Dj series with integer or half-integer j for odd or even d.
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The eigenvalue problem

P2

H:
2m R

(H-E)¢)=0 <  RH-E))=0
Consider: © := R(H — F) with ©[y) =0

1 -
@:—RPQ—a—ER:2 (Ji+J3) — B(J3 —J1) —«

1
2m m
Tilting:
D) a0 9 ulbd2 | . .
Q. e ‘HJ@e dJ0) = 0
) = e7102[y)

physical state: |¢)

group state: |t)

Using ) )
e 19%2 Je1%72 — J| cosh @ + J5 sinh 6
o107 Jgei‘g‘]2 = Jzcosh 8 + J; sinh 6

@
|

30 (J1 cosh @ + J3sinh @ + J1 sinh 6 + J3 cosh 6)
—FE (J3cosh@ + Jy sinh§ — J3sinh @ — J; coshf) — «

= Ji (coshf(5 + E) + sinh (5= — E))

2m

+J3 (sinh 6(5= + E) + cosh0(5- — E)) —

Considering bound states £ < 0 we choose 6 such that O is independent of Ji:

cosh 6 (L + E) = —gsinh @ (L - E)
2m 2m

=
1 o+ E)?
sinh 6 <— + E> = —CoshQ(QT—) ,
2m = —F
£+ L 1 132
tanh9:+—21” and cosh? § = > :( Q%m)
E— 5 1 — tanh“ 0 -2
1 2
~ 5+ B 1
0 = J —coshﬁ—(zq1 ) +coshf(— — E) | —a
%—E 2m
ho 1 2 1 2
i (o) )
or 2m 2m
—
VvV 2E —2E
~ /o
Hence
= —2F ~0
Oly) = (J:a\/ — = 04) ) =0
m
=

- m - _
J3Y) =« Y ) eigenstate of Jg

Hence, we choose [¢)) = |jn) € D;T with Js|jn) =nljn), n=7+1.7+2,...
Remember
d—3 d—1

jzé—i—T = nzf—i—T—i—nr n,=0,1,2,...
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to obtain the eigenvalues

2 5 E=-2
= a - ———F
—2F " 2n?
and eigenstates
. ~ . 3 . Ent5
|Q/}"> = eleng ‘Q/)"> = 619”(]2 ‘g + % ,’I’L> with tanh 97,, = E t#
T 2m

Considering scattering states with £ > 0 in essence we choose a basis diagonalising J;:
JiljA) = AliA)  AER

In essence same calculation again but with J3 — Jy

Result:
~ m | ~ ~
J = = =|jA
) =ayfom ), ) =1jA)
ma? i — : Bx—gn
By = ot >0, ‘¢A>2610AJ2‘£+¥7/\> with tanh ) = Ei‘*’ﬁ

The su(1,1) symmetry of the harmonic oscillator in R?

Let

d . (l (1
1 i 1 1
. )2 2 L 2 9 . _
Ji .—ZZ<(G¢) —i—ai) ) Jo = _ZZ((ai) —ai> , J3 ‘_§Z<aial+2> ,

i=1 i=1 i=1
With help of
lai, al) = i
show that the J;’s close su(1,1) algebra
[J1, 2] = —iJ3, [J2, J3] =1iJ1, [J3, 1] =1J2
Hamiltonian:

d
1
H:mz<a2ai+§> = 2hw J3 > 0

Casimir operator:

L?=4J% - %(d— 4)
=
i d . 4 d
£(€+d—2):4j(j+1)—z(d—4) = j:§+1_1
Hence we have the reps D;T
Figenstates are those of Js:
. . . . ¢ d
J3|gm) = m|jm) with m=j+14+n,=-+-+n,, n, € Ny

2 4
Eigenvalues:

d
E,,. =2hom = hw <2nr—|—€+ 5)

Lit.: A.O. Barut Dynamical Groups and Generalized Symmetries in Quantum Theory (Univ.
Canterbury, Christchurch, NZ7,1972)

*** End of Tutorial 5 ***
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