Exercise 11: Wigner’s construction of left-invariant measure
for Lie groups

Assume a left-invariant measure exists: du(g) = du(gy L)

Then g = g(aq, ..., ay) and, with go fixed, go_lg =g =g(e1,...,en) with e = e(a)

Invariance implies
plag,...,an)d"a = p(er, ..., eq)d"e

O(e1,...,en
P, .- €n) =P(017"~a@n)w

Let Py(g) := ay function which provides the k-th parameter of group element g
Idea: Let ¢; be very small, that is, g1 = g(e1,...,&n) ~ ¢ is very close to neutral element

Then g = gog1 = g(a)g(e)

[5(131 (g(a)g(e), - .- ,Pn(g(a)g(@))] -

= po li
plaa, ..., an) = po lim FICES)

e—0

Problem is reduced to expand functions P for small
po = p(0,...,0) is density of matrix elements near neutral element < normalisation

Example: G = SO(2)

g_g(u)_<cosa —sina) o= ale) = ( cose —sins)

sin «v CcoS v sine cose

P(g(a)g(e) = Pgla+e) =a+e = § _1
= pla)=po:= % = dulg) = %du

In general and in particular for non-abelian groups the problem is to find an explicit form
for functions P (g(a)g(e)).
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Exercise 12: Stanley’s n-vector model on the linear chain

”Spin”:
o 1 . ﬁ
S € S™ " "spin space”
SO(n) transitive transformation group p g

Let S = gfi, 7 = north pole, g € SO(n)
SO(n—1) ={g € SO(n)|gn = 7} massive

Invariant Haar measure dg: / dg =1
SO(n)
Invariant normalised measure on S™~1:

I'(n/2)

o2 d"1Q(S)

dp(S) =

is a priori normalised probability distribution of S

”Spin interaction”:
Shall be SO(n) invariant and exchange invariant
V(5.5 =V (gS,gS) =V(S,S)

For example: V(5,5") = —JS§- 5 — K(S- 52
K = 0: Stanley’s n-vector model
K > 0: Stanley’s n-vector model on harmonic chain

Consider:
v(g) = V(gii, it) = V (i, gii) = v(g~")

is a zonal spherical function as for all h, h’ € SO(n — 1)

v(hgh') = V(hgh'ft, it) = V (hgil, it) = V (g7, h~'71) = V (g7, 1) = v(g)

Linear chain:

Chain of N + 1 sites, each occupied by a ”spin” §j = g7, g; € SO(n)

S S S S Sici S0 Sin Sy Sn4
1 2 3 4 t—1 ¢ i+1 N N+1

Nearest neighbour interaction:
N N
H:=Y"V(S;,Si41) =Y vlg; 'gj41)
j=1 J

Partition function:

20) = [ auS) [ auSv)e a1 kT

N
= d / d exp s —fu(g: g
/So(n) g1 0(n) 9N+1H { (9] gﬁ-l)}

Jj=1
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Harmonic analysis:

Ir't+n-—2)
r¢+1r'(n—-1)

Class 1 reps of SO(n): ¢ € A ={0,1,2,3,...}, dg=(20+mn—2)
2(sm=1) ZH dim H* =

As v(g) is zonal spherical function

e P9 = Zde Xe(B) Do (9)

(=0
A(B) = dge ") D (g)
SO(n)
Hence
2= [ g | dgN+1Z S oy de A (8)- D (5)
50(n) S0(n =0 fem0
X Db (91 " 92) -+ Doo (95" 9n+1)
Orthogonality:
d L g)DE (g g
g; D 00 (9]'—193) OO(gj gi+1)
SO(n)
¢
_ZDOJWI1 ] 1 / dg] mO (gj)DﬂO (g])DOO(gJ-H)
SO(n)
758 ,léj(gmn/dlj
2
= Yty ZD (95— ) m0(9j+1)
5@ lpj
ds, 00(9]—191+1)
=

4 = d d 3 ds I\ NDf -1
(B) /SO(n) 91 /SO(n) gn1 Y de [Me(B)]Y Diolgr tgn41)

=0
For open boundaries:
/ dgn-1 Do (g1 'gn41) = / dg Dgo(9) = beo
SO(n) SO(n)

dg1 =1
SO(n)

Result:

with
M(B) = / dgeP® — / du(S) exp{ AV (S. 7))
SO(n) gn-1

For fixed boundaries: §1 = ¢g17 and S N+1 = gN+1T

Zix(B) = Z de (BN Dgolgr ' gn+1)

o

(szt’w ] Déo(gflgNH))

€£0
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For periodic boundaries: S; = §N+1 = g1 = gN+1 = Déo(gflgNH) = Dfy(e) =1
N
Zix(B) = 1+Zde [ ]
40

Large N limit:
Unitarity: [Dfo(g)| < Dgy(g) =1

A
For ¢ # 0 we may conclude |\;(5)] < /dg e P9 = \o(B) for all g = )\Zgg;’ <1
0
Free energy:
1 1
F(B):=—= 1 InZ(B)=—-=1
(8) = =5 Jim_ 57 InZ(8) = —5 na(9)
Result is valid for all classical spin models with ”spin space” = G/H with H massive and

G-invariant and exchange invariant spin-spin interaction between nearest neighbours.

Explicit results for n-vector model

Assume V(S,8") = f(S - §'), which is most general form of invariant interaction
= V(gii, i) = v(g) = f(cos )

L+ )0(n —2)

n—2
= Dl = = agn-n
T(l+n-—2) C,* (cos0), d0(g) = cos® = gii - 7

Dio(g) =

M) = /g IR
n

_ P/ +1)I'(n — 2)
C VAL +n - 2)

™ n—2
/ df sin" 29 e (9 ¢, (cos )

In particular:

() = B [ a1 -

N = [ arenen ey

More results:

Free energy: F(3) = —% In Ao ()
Internal energy: 5 (BF(8)) = —Xo(5)/\(5)

” ’ 2
Heat capacity: ¢(8) = —k Bza = kpp? ﬁ% %%)
Spin correlation: (S; - Sj;,) = (D95 givr)) = (%(%)
14+ il(fj)
Zero-field susceptibility: xo(8) (1 + 2 Z S; - ) ﬁ—)\ig
1—
Ao(8)

—

Next pages explicit results for harmonic chain with V(5,5") = —JS -8 — K(S - §')2

and ”Kicked Rotator” (classical and quantum chaos)
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Exercise 13: Wigner polynomials
Consider d; dimensional UIR of SU(2) via Euler angles acting in C**?
D (p,0,0) == o ipJs =102 (193

In standard basis: J3|jm) = m|jm) with (JZ + J2 + J2)|im) = 5(j + 1)|im)
Matrix elements of D7:

(jm|DD(p,0,0)|jn) = e, ()™
with the Wigner polynomials
A0 (0) = (mle™*2 jn)

Problem: Find explicit form of Wigner polynomials

Solution:

i < [T (T8 ottt s oo ot

cos —sin i—m

_ (.] + 777)'(] - 777)' m-+n 0 . m—n Q P‘(m—n,m—‘rn) (COS 9)
G+ n)lj—n) 2 2

oF1(a,b; c; ) is the hypergeometric function
Pl(m’n)(z) is Jacobi polynomial

Properties:

o diu(6) = (=1, _(6) = (=1 "dia(6)

—-m,—n

. d,E,JgO(H) = (—1)md((){,2,L(0) = 8;::3: PI"(cosf)  ass. Legendre Polynomial

. d((){())(ﬁ) = Pj(cos9) Legendre Polynomial

o Vin(0,0) = 1/22—;1d£,ll)’0(9)eim4" here 1 =0.1,2,3,...

Explicitly: In order (3,—1) and (1,0 — 1) from left to right and top to bottom

0 )
coss —sing
SO Gt B

Sin 5 COS b)

cos? g _\/LE sin 6 sin? g
1 | L g B

dM(9) = 5 sind cos) ——5sinf
sin? % \/Li sin 6 cos? g

More see: A. Lindner Drehimpulse in der QM (Teubner, Stuttgart, 1984)
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Proof:

Step 1:
0 . 2 —10J2
f)QQdm n(e) = —<jm|J26 2|jn>
Step 2: )
JG+ DA 0) = (jm|T?e 0% )jn)
= (jm|(J} + J3 + J3) e 10| jn)
= (jm| T2 e 072 jny — 2240 (0) + m2dF)(6)
Step 3:

Noting that (see Addendum Exercise 10)

102 J? o102 — (J1 cos 6 + J3 sin 0)?
= JZcos?0 + J2 sin?0 + (J;J3 + J3.J) sin 0 cos 0
= (J? — J3 — J2)cos® O + J3sin? 0 + (2J1.J3 + iJz) sin 6 cos 0
(jmlJ} e jn) = (jmle™10%2ei0% I e 102 jn)
= (jm|e_w‘72.(f2 — J2 — J2) cos? 0] jn)
+ (jm|e™172J2|jn) sin? 0
+ (jm\e_ieJ2(2J1J3 +1J2)|jn) sin 6 cos 6
= cos? Hj(j + l)d,(%?n(@) + cos 6’892(1( 7 n(0) — n?cos Hd(j) (0)
+ n? sin? Gd,(ﬁn(@)
+ 2nsin 6 cos B(jm|e 19721, | jn) — sin 6 cos Gé?ed(]) )

Step 4:

mdin(0) = (Gm| Jse™ %2 |jn)
_ (jm\e_19J2el‘9J2Jge_wJ2|jn>
= (jm\e‘iaJZ(Jg cosf — Jysinf)|jn)
= ncos Gd%?n — sin 6’<jm|e_ieJ2J1 |in)

Putting all together leads to a differential equation for the Wigner polynomial

3G+ DA (0) = —dDn(0) + m?d),(0) |
+cos?0j(j + l)d(]) () + cos? Ga—ezd(]) (6) — n? cos? Gd%?n(e)
+n2sin? 0d),(8) — sin 6 cos 6-2d) (6)
+ 2nsinf cos (n oS 9d£n n md(]) (9))

[ (7 + 1)sin” @ + sin? 9092 +sinf cos 0% — m? + n?cos® — n?sin? 6 — 2n? cos®  + 2nmcos€} d£n)n(9) =0
9?2 9o _ m2+4n2—2nmcosf (i d(]) 9) =0
5gz T cot 055 —mze—‘fﬂ(]"‘ )| drnn(6)

2 m—n\2 m—+n\2
{c%z-l—cotﬁ%—(.%g i )
2

0052 0

+i0+ 1)} d9,0) =0

Hypergeometric differential eq. having Jacobi-polynomials as solution
See also QM problem for Poschl-Teller potential

*** End of Tutorial 4 ***
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