Exercise 7: Classes and Character table of D,

The group table: d* = e = 52, dfs = d*~Fs

Dy | e d a2z B s ds d*s d°s
e| e d &3 s ds d’s d3s
d| d d* & e ds d*s d3s s
2| & & e d d?s d%s s ds
a | a e d d* d%s s ds d*s
s| s d’s d’s ds e a  d? d
ds | ds s d3s d’s d e d  d?
d’s | d®>s ds s d3s d? d e a3
ds | d3s d’s ds s a2 d e
Center of Dy: Z(Dy) = {e,d?} = each is a class by itself {e}, {d*}
Consider element d: = {d,d®}
Consider element s: = {s,d?s}
Remaining elements: = {ds, d®s}
Conclusion: D4 has 5 classes given by

{e} {d*} {d,d®} ,{s,d*s}, {ds,d>s}

For the general case D,, see Homework 3 Problem 6a)
For the character table Dy see Homework 3 Problem 6a)

Dy | {e} {d®} {d,d®} {s,d?s} {ds,d3s}
DL 1 1 1 1 1
D1:2) 1 1 1 -1 -1
D(1L:3) 1 1 -1 1 -1
DL 1 1 -1 -1 1
D@D 2 -2 0 0 0

Center of a Group:

Z(G):={z€G|zg =gz,Yg € G}
Set of all group elements communting with all elements of G.

Examples:
e Z(D,) = {e} for n odd
e Z(D,) = {e,d"/?} for n even

e Z(SU(2))={—-E.E} E = 2 x 2 unit matrix
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Exercise 8: The Group SU(2)

Unitary complex 2 x 2 matrices with unit determinant.
General ansatz:
a b
9=\ . q) a,b,c,d e C

Unitarity, gg' = 1 = ¢g'g, implies:
lal2+ b2 =1, [e> +|d|?> = 1, |a|* +|c|*> = 1, |b]* +|d|? = 1 and a*c+ bd* = 0, ab* + cd* = 0

det g = 1 implies: ad —cb=1

Hence: ) )
1b]2 = |c|? and |a|? = |d|? = Ansatz: d = a*e'® and ¢ = —b*e!’
= ab* + cd* = ab* — b*ael(.ﬁ_“) =0 =a=p
= ad — cb = |a|*e!* + |b]?e}® = 1 =a=0
= d=a* and ¢ = —b* with |a|> + |b]? =1
Result:
a b . 2 2
g= I I a,beC with la] + 16" =1
—b* a
Ansatz:

a=+V1-a?+iaz, b= a9 +ia
where @ = (a1, ag, a3) € R? with |a|> < 1.

Comments:

e Group space of SU(2) is unit ball B3 := {a@ € R3||@]* <1}

origin 0 represents the unit element

e Group space of SU(2) is the unit sphere S* := {# € R*||Z[> =1}
Set # = (Rea,Ima, Reb, Imb) with |#?| = |a]? + |b]? =1

e SU(2) is a simply connected space = every loop can be contracted to a point

e SU(2) is the universal covering group of SO(3) (see next exercise)
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Exercise 9: The Group SO(3)

Group of rotations in R? characterised by rotation axis 7 = 7(6,¢) and rotation angle
w € (0,27

3 3
: HEH_)RIS; with  |R#2=|72 and detR=1
z
0
w
0
Y

¢

X

Note: Rotation around 7 by angle w is equivalent to rotation around —7 and angle 27 — w
= For SO(3) only upper half of unit sphere formed by 7 and only half of the equator

Group space of SO(3): & = wii is half of unit ball B* with radius 27

SO(3) .

SU(2)

N
/

Group space of SO(3) is doubly connected

18



Exercise 10: The Connection between SU(2) and SO(3)

Consider M := span (01, 02, 03), the vector space of traceless 2 x 2 matrices

0 1 0 —i 1 0
1=\190) 2=\(i o) =\o0 -1/

Consider mapping

Note det M (¥) = —|#|> and the mapping is bijective:
& = iTr(M(2)5)
= ST (M(D)o1) + T (M(Z)o2) + LTr (M (2)3)

|
oo

—r3 X1 +iwo
= T1€1 + 226> + x3€3

Homomorphism SU(2) — SO(3):

SU(2) — SO(3)

: g R(g) , where M(R(9)Z) == gM (Z)g~*

Tr(xl_w2 3 >+522Tr(w1.+x2 e >+%’=T

X3
1 + iz

Note det M (R(g))# = det M (%) = |R(g)Z|*> = |¥|%. That is R(g) is rotation in R3.

Let Bo= (o © ) then M(R(:E)T) = (+E)M(z)(+E) = M(3)
Kernel of H: Zy :={E,—E} C SU(2)

0
1

Zy is center of SU(2): Center of G is set Z = {z € G|zg = gz}, is normal subgoup

SO(3) ~ SU(2)/Z,
Comments:

e Any multiple connected group has a unique universal covering group
see, e.g., B. Wybourn ”Classical Groups for Physicists”

e SO(3) is doubly connected = has single and double-valued reps
{=0,1,2,... single valued
¢=1,3,5 ... double valued (= single valued for SU(2))
see, e.g., Joshi "Elements of Group Theory for Physicists”
Representations of SO(3) in R3:
Rodriguez representation:

0 —ns no
R(&) :=1cosw + (1 — cosw)Aiil +sinw | ns 0o -n |,
%) ni 0
or with
0 —ns n9
N := ns 0 -m = R(w) = 1+sinwN + (1 —cosw)N?
—MNn9 ni 0
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0 cosw —sinw 0
Example: 7= 0 | = R(@) = | sinw cosw 0
1 0 0 1

Euler representation:

Rotations about z, y and z axis:

1 0 0 cosa 0 —sina cosa —sina 0
Ry(a):==[ 0 cosa —sina |,Ry(a):=| sinaa 0 cosa ,R.(a) := | sina cosa 0
0 sina cosa 0 O 1 0 0 1

Representations of SO(3) in L?(R?):
(D(@)) (&) := (R™N&)Z),  where  D(&) = exp{—i&- L/h}

Angular momentum operator L = Q x P, [L;, L;| = iheijr Ly,

Group law: D(wn)D(w'i) = D((w + w')7i) for fixed axis

Unitarity: D~1(&) = D(—&) = DY(&)

Decomposition of Hilbert space: L?(R3) = L2(RT) ® L?(S?) with L?(S?) = @2, D"
D! = span {|tm)|m = —£,... ¢}, dimD* = 20 + 1

Representations of SO(3) in Spin space C?**1:

C**1 =span{le,m)|m = —s,...,s},s=0,3,1,3,. ...
Quantisation axis & S - €|&,m) = mh|é,m), usually € = &,
Spin operator: S2? = s(s + 1)h?

UIR: D(&) = exp{—i& - S/n}

Rotation of quantisation axis:

D(@)(&- §)D'(@) = (Rw)e)-§,  D(@)[é.m) = |R(@)é,m)
ADDENDUM: A =1 _ _ _ o
Proof of D(&) = exp{—i& - L} = e Wlse 10lee-lselllaglols = G — ii(0), )
e Note: L, := e—i9L2L3eieL2 s e—lwly _ o—10L2o—lwLl3 o101, (use AeBA-! = eABAfl)
Consider:

oL . . . .
g = 1o (Lol — LyLy) €2 = e 1€l — Ly for 6 -0

aZLé _ _ie—ieLz (L ) ) 0Ly _ o —ieLzL 0Ly _ .y

202 ol — Lilp)e™™ = —e e =—L3

2. order differential eq. with initial conditions Lj|,_, = L3 and % o= Ly

Integration yields: L = Lycos@ + L; sinf

Hence

D(@) = e—leLsg—lwLyloLls exp{—iwe_i‘pL3 (L3 cosf + Ly sin G)eiWL?’}
= exp{—iw(L3cosf + L) sinf)}
with L= e_i‘pLi”LleiV’Li” = Licosp+ Losing
= exp{—iw(Ls cosf + Ly sin cos ¢ + Ly sinfsin )} = exp{—iwit - L}

Transformation of vector operators

exp{—i& - L}V exp{i&- L} = R™H(&)V
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Exercise 10: Rotations in R" and the Group SO(n)

Good reference:
N.Ja. Vilenkin, Special Functions and the Theory of Group Representations (1968)

Let & € R™ be represented in polar coordinates

r1 = rsind,_isintd,_o---sindysiny
Tg = rsinv,_;sind,_s---sindycosd 0<r<oo
xr3 = rsint, 1sind, 9---costy
where 0<9, <m,k=2,3,....,n—1
Tp—1 = rsintp_1cosp_s 0< ¥ <2r
T, = rcost,_1

Volume element:
d"z =" 1drd™lQ, d" 1O =sin™ 29,1 sin" P Yp_g - - - sinVoddy_q - - - dih

Volume:

/ dn—lﬂ _ 271'”/2

gn-1 ['(n/2)

Parametrisation of group elements

Let g € SO(n) such that |gZ| = |Z| and det(g) = +1, i.e. represent rotation matrix in R"
Let gi(a) be (clockwise) rotation in plane (z — zj4+1) by angle a

Then each g € SO(n) can be represented by

g=g" Vg2 g0 where  g® = g1 (6})g2(65) - g (6F)
0<0F <2r, 0<OF<m, j=23,...k

)

Obviously g**) € SO(k +1) € SO(n)

Examples:
n=2
cosf1  sin O}
— 0 (6Y) = 1 1
9=9101) ( —siné! cos6i
n=3:
g =9®g" = g1(67)92(63)91(61)
cosf? sin67 0 1 0 0 cosff sinfl 0
= —siné? cosé? 0 0 cos6? sin63 —sin®] cosff 0
0 0 1 0 —sin6? cos63 0 01
n—1 k n—1 n
Note: Number of group elements ; z; 1= ; k= §(n —1) = dimSO(n) =n(n—1)/2
= j: =
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Consider: h = g2 ... g1 € SO(n — 1) € SO(n) that is

h:<50(’8—1) (1)>

Let 7 = (0,0,...,0,1)" be vector to "north pole”, then hii = 7 is invariant under SO(n—1)
=
gt =g Vi = gi(6771) - g (07-1)7

_ n—1 n—1 )
= g1(077) - gn—2(07"2) 0
inogn—1
sin Hn_ll
e
cos B,
sin @'~ sin 0772 - - sin 07
: n—1 . gn—1 n—1
sinfl]_;sinf,_, - - - cost)]
:ogn—1 n—1
sin Hn_ll cos 0”5
o
cosf,_;
. - _, I (n—1)
Obviously Z/r = €, = g with ¥y = 0,

Invariant Haar measure:

1=2 k=1 \j=1
I'(n/2
dg = dh (”//2) a1
7Tn
dr
dI': normalised SO(n)-invariant measure on S" 1 = SO(n)/SO(n — 1), / dr=1
Sn—1

n=2: dg = 5~ do}
n=3: dg = gz df} d67 sin 63d63
n=4: dg = 1a=r 67 d67 sin 63d63 67 sin 63d63 sin? H3d03

Representations of class 1
Let H = L?(S™ 1)

H* = span {|(M)},

_ > ¢ . 0 (€+’7l—3)'
{=0

M:(m13m27"'7mn—2)7 ‘eanllw"?mn—:ieNannn—2€Z7 Z‘ETT]’[)Zrnl2"'2777177,—32|Tnn—2|
Let €, - i = cos§!'~] then with O = (0,0,...,0) and D55 (g) = (€O|D%(g)|¢O)

0T (n —2) (n=2)/2

-1 ¢
L(n+(—2) ¢ (cosb,~1) = Doo(highs) Vhi,hy € SO(n—1)

Dbolg) =

form a complete set of zonal spherical functions on "', C¥ Gegenbauer polynomials.
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Hyperspherical harmonics:

Your(8:) == V/de Ds0(9) = V/de Diyo(gh),  YheSO(n—1)

form orthonormal set on H
[ A Yaur (@) Yiiag (6) = B
Sn—

Explicit expression

n—3
o im, o0 Mmp1+(n—k—2)/2 .
Y[]\[(em) = Appp e 201 H [kai;lk+l (COS’(?n_k_l)Slnﬁn_k_l
k=0

-3 L
1 n 92mp41+n k 4(mk _ nzk+1)!

A%, =
M T(n)2) i VAL (mypsy +mp +n— k= 2)

(n—k—2+2mp) T2 (mpp1+ (n—k—2)/2)

Check for n = 3 with mo = ¢ and mqy =m € {—¢,..., ¢}

Gegenbauer polynomials (or ultra-spherical polynomials):

2 11—
e Hypergeometric series: C%(z) = (20)n n (—n7 200+ ;o + = Z)

nl 2' 2
I'(a
Pochhammer symbol: (a), :=a(a —1)(a—2)---(a —n+1) = ﬁ
o0 b n
Hypergeom. function: 9 Fi(a,b;c; 2) := Z M z_'
ot (¢)n n!
2 1,1
e Jacobi polynomials: Cg(z) = “;)f’ﬂga 24 2)(z)
(04 + §)n
1
¢ Generalization of Legendre polynomials: P,(z) = C2 (2) ie. a=1
e Expansion in R"™: Z, ¢ € R" Z-y=aycosh
1 > 2t n=2
g2 > grz Ce” (cost)
=0

*** End of Tutorial 3 ***
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