
4. Solution to Homework in ”Group Theory for Physicists” SoSe 22

Problem 9: Characters of SO(3) and SU(2)

a) Let D be a representation of SO(3) ' SU(2) then

D(R(~ω)) = D(Re−iϕJ3)D(Re−iθJ2)D(Re−iωJ3)D(ReiθJ2)D(ReiϕJ3)

and

χ(R(~ω)) = TrD(R(~ω)) = Tr
[
D(Re−iωJ3)

]
= χ(ω) #

b)

χj(ω) = TrDj(R) =

j∑
m=−j

〈jm|e−iωJ3|jm〉

=

j∑
m=−j

e−iωm = e−iωj
2j+1∑
k=0

(eiω)k geom. series

= e−iωj
1− eiω(2j+1)

1− eiω
=

e−iω(j+
1
2
) − eiω(j+

1
2
)

e−
i
2
ω − e

i
2
ω

=
sin(j + 1

2
)ω

sin ω
2

#

c)

χj1(ω)χj2(ω) =
e−iω(j1+

1
2
) − eiω(j1+

1
2
)

2i sin ω
2

j2∑
m=−j2

eiωm

let j1 ≥ j2 without loss of generality

=
1

2i sin ω
2

j2∑
m=−j2

(
eiω(j1+m+ 1

2
) − e−iω(j1+m+ 1

2
)
)

set j = j1 +m

=
1

2i sin ω
2

j1+j2∑
j=j1−j2

(
eiω(j+

1
2
) − e−iω(j+

1
2
)
)

=

j1+j2∑
j=j1−j2

sin(j + 1
2
)ω

sin ω
2

=

j1+j2∑
j=|j1−j2|

χj(ω)

as LHS is symmetric in j1 ↔ j2

Hence the addition of two angular momenta representation spaces is given by the reduction

Dj1 ⊗Dj2 =

j1+j2⊕
j=|j1−j2|

Dj



Problem 10: Generators of SO(3) for j = 1 (3-dim. representation)

Explicit calculations result in

L1L2 =


0 0 0

−1 0 0

0 0 0

 , L2L1 =


0 −1 0

0 0 0

0 0 0

 ,

L2L3 =


0 0 0

0 0 0

0 −1 0

 , L3L2 =


0 0 0

0 0 −1

0 0 0

 ,

L3L1 =


0 0 −1

0 0 0

0 0 0

 , L1L3 =


0 0 0

0 0 0

−1 0 0

 ,

L2
1 =


0 0 0

0 1 0

0 0 1

 , L2
2 =


1 0 0

0 0 0

0 0 1

 , L2
3 =


1 0 0

0 1 0

0 0 0

 ,

a)

[L1, L2] =


0 1 0

−1 0 0

0 0 0

 = iL3

[L2, L3] =


0 0 0

0 0 1

0 −1 0

 = iL1

[L3, L1] =


0 0 −1

0 0 0

1 0 0

 = iL2



[Lk, Lm] = iεkmnLn

b) L2
k is unit matrix in subspace orthogonal to the k-axis and

vanishes on the one-dim. subspace spanned by the k-axis

Hence its matrix elements are given by

(
L2
k

)
mn

= δmn − δkmδkn



Obviously

L0
k = 1 and L2m

k = L2
k for m = 1, 2, 3, . . .

and

L2m+1
k = Lk for m = 0, 1, 2, 3, . . .

c)

exp{−iϕLk} =
∞∑
n=0

1

n!
(−iϕLk)n =

∞∑
m=0

1

(2m)!
(−iϕLk)2m +

∞∑
m=0

1

(2m+ 1)!
(−iϕLk)2m+1

= 1− L2
k︸ ︷︷ ︸

m=0 term

+L2
k

∞∑
m=0

(−1)m

(2m)!
ϕ2m

︸ ︷︷ ︸
cosϕ

+(−iLk)
∞∑
m=0

(−1)m

(2m+ 1)!
ϕ2m+1

︸ ︷︷ ︸
sinϕ

= 1 + L2
k(cosϕ− 1)− iLk sinϕ #

Explicitly

exp{−iϕL1} =


1 0 0

0 cosϕ 0

0 0 cosϕ

−


0 0 0

0 0 sinϕ

0 − sinϕ 0

 =


1 0 0

0 cosϕ − sinϕ

0 sinϕ cosϕ



exp{−iϕL2} =


cosϕ 0 0

0 1 0

0 0 cosϕ

−


0 0 − sinϕ

0 0 0

sinϕ 0 0

 =


cosϕ 0 sinϕ

0 1 0

− sinϕ 0 cosϕ



exp{−iϕL3} =


cosϕ 0 0

0 cosϕ 0

0 0 1

−


0 sinϕ 0

− sinϕ 0 0

0 0 0

 =


cosϕ − sinϕ 0

sinϕ cosϕ 0

0 0 1



Tr
[
e−iϕLk

]
= Tr

[
1 + L2

k(cosϕ− 1)− iLk sinϕ
]
= 3 + 2(cosϕ− 1) = 1 + 2 cosϕ

χ1(ϕ) =
sin 3

2
ϕ

sin ϕ
2

=
3 sin ϕ

2
− 4 sin2 ϕ

2

sin ϕ
2

= 3− 4 sin2 ϕ
2
= 1 + 2(1− sin2 ϕ

2
) = 1 + 2 cosϕ #


