5. Homework in ”Group Theory for Physicists” SoSe 22

Problem 11: Generators of SO(3) in L*(R?).
Let L, L, and Lg be the generators of rotations in R? as defined in Problem 10 generating
finite rotations
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a) Show that for small angles da® the rotation matrix explicitly reads
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b) Consider now the infinitesimal rotation of an arbitrary point & = (21,2, z3)T € R3.

That is 02 := ¥’ — & with &’ := g(6a@)Z. Calculate the generators defined by
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Show that these generators are related to the angular momentum operator L:=7x D
acting on L?(R3).
c¢) Calculate the structural constants for the algebra formed by X, X5, X3 and

the associated Cartan metric and Casimir operator.

Problem 12: Generators of SO(4) in L*(R*).
Consider the following operators acting on L*(R*) with (z,y, z,t) € R*:
M, =20, —y0,, My :=20,—20,, Ms;:=y0,—x0,,
Ny =20, —10,, Ny:=y0—1t0,, N3:=z20,—10,.
a) Show that these operators obey the so(4) algebra

[Mi>Mj] = 5ijkMk7 [MiaNi] =0, [MiaNj] = 51’;‘ka, [NiaNj] = 5ijkMk-

b) Consider a new basis of this algebra defined by
M, + N, N,
_ M N M- N
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and show that the operators (Ji, Jo, J3) and (K7, Ky, K3) separately close a so(3) algebra,

that is so(4) = so(3) @ so(3).
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