
5. Homework in ”Group Theory for Physicists” SoSe 22

Problem 11: Generators of SO(3) in L2(R3).

Let L1, L2 and L3 be the generators of rotations in R3 as defined in Problem 10 generating

finite rotations

g(~α) := exp

{
−i

3∑
a=1

αaLa

}
~α = (α1, α2, α3)

a) Show that for small angles δαa the rotation matrix explicitly reads

g(δ~α) = 1 +


0 −δα3 δα2

δα3 0 −δα1

−δα2 δα1 0

 +O(δ~α2)

b) Consider now the infinitesimal rotation of an arbitrary point ~x = (x1, x2, x3)
T ∈ R3.

That is δ~x := ~x ′ − ~x with ~x ′ := g(δ~α)~x. Calculate the generators defined by

Xa := −
3∑

k=1

Uak(~x)
∂

∂xk
with Uak(~x) :=

δxk
δαa

.

Show that these generators are related to the angular momentum operator ~L := ~x × ~p

acting on L2(R3).

c) Calculate the structural constants for the algebra formed by X1, X2, X3 and

the associated Cartan metric and Casimir operator.

Problem 12: Generators of SO(4) in L2(R4).

Consider the following operators acting on L2(R4) with (x, y, z, t) ∈ R4:

M1 := z∂y − y∂z , M2 := x∂z − z∂x , M3 := y∂x − x∂y ,

N1 := x∂t − t∂x , N2 := y∂t − t∂y , N3 := z∂t − t∂z .

a) Show that these operators obey the so(4) algebra

[Mi,Mj] = εijkMk , [Mi, Ni] = 0 , [Mi, Nj] = εijkNk , [Ni, Nj] = εijkMk .

b) Consider a new basis of this algebra defined by

Ji :=
Mi +Ni

2
, Ki :=

Mi −Ni

2

and show that the operators (J1, J2, J3) and (K1, K2, K3) separately close a so(3) algebra,

that is so(4) = so(3)⊕ so(3).


