
4. Homework in ”Group Theory for Physicists” SoSe 22

Problem 9: Characters of SO(3) and SU(2).

a) From Exercise 10 we know that an arbitrary element of SO(3) and SU(2) can be expressed

in terms of

R(~ω) = e−iϕJ3e−iθJ2e−iωJ3eiθJ2eiϕJ3 , ~ω = (ω sin θ cosϕ, ω sin θ sinϕ, ω cos θ)T .

Show that for any representation its character only depends on the rotation angle ω.

b) Show that for the UIR Dj in C2j+1, i.e. dj = 2j + 1, the character explicitly reads

χj(ω) =
sin(j + 1

2
)ω

sin ω
2

.

Hint: C2j+1 = span{|jm〉}, where J3 |jm〉 = m |jm〉 , m = −j,−j + 1, . . . , j − 1, j.

c) Show that

χj1(ω)χj2(ω) =

j1+j2∑
j=|j1−j2|

χj(ω).

Problem 10: Generators of SO(3)

Let Lk (k ∈ {1, 2, 3}) be 3 × 3 matrices whose elements are defined by (Lk)ij := −iεijk,

where εijk is the total anti-symmetric tensor in 3 dimension. That is,

L1 =


0 0 0

0 0 −i

0 i 0

 , L2 =


0 0 i

0 0 0

−i 0 0

 , L3 =


0 −i 0

i 0 0

0 0 0

 .

a) Show that these matrices fulfill the relation [Lk, Lm] = iεkmnLn.

b) Show that (L2
k)mn = δmn − δkmδkn and therefore L2r

k = L2
k for r = 1, 2, 3, . . ..

c) Show that exp {−iϕLk} = 1 + L2
k (cosϕ− 1)− iLk sinϕ

and calculate the explicit 3× 3 matrices. Proof Tr e−iϕLk = χ1(ϕ).


