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Abstract. Optimum exposure times for high resolution imaging
modes are functions of the distribution of wind and turbulence
in the Earth’s atmosphere.

The theory which is developed here shows that the veloc-
ity of the tilt for the angle of arrival of light at the ground
level, or equivalently the observed image motion velocity, is also
statistically related to turbulent atmosphere mottons.

The method of differential image motion which is actually
used for monitoring the “Fried parameter”, can be extended
to one new differential image motion velocity method. It can
therefore be used as a diagnostic to estimate exposure fimes
needed to freeze the drastic effect of the wavefront corrugation
evolution in high angular resolution imagery. Technically, this
requires a growth of the sampling rate of ESO Differential Image
Motion Monitor (DIMM).
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methods — interferometry

1. Introduction

The effective performances of the observing astronomical modes
requiring high angular resolution depend primarily on the veloc-
ity of the wavefront corrugation evolution produced by atmo-
spheric turbulence.

For example, the response time of an adaptive optic device,
740, should be shorter than a typical coherence time, in order to
“follow” the evolution of the distorted wavefront. In this case,
the optimum response time can be calculated as a function of the
motion of the diffusing atmospheric layers (Roddier et al. 1982),
using the relation

an = 0.31 :—0

where ry is the Fried parameter, and v* the mean velocity for
the turbulent layers displacement. This equation also holds for
Michelson interferometry.

In speckle interferometry, the speckle life time or speckle
boiling time, 7p, can be derived from a similar relation

o
Tsp — k—

Av
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where Avp is the mean velocity dispersion for the turbulent layers,
and k is a constant slightly depending on the formalism used
{Aime et al. 1986).

The optimum exposure time to “freeze” the interference
fringes in long baseline interferometers (considered as Michel-
son Interferometers), should depend on the direction of motion
of the atmosphere with respect to the baseline (Colavita et al.
1987).

This paper presents a new method of image motion analy-
sis. The method is based on the observed image motion veloc-
ity, which allows to derive physical quantities characterizing the
wavefront evolution: ie. Av, v* and the direction of v*.

The DIMM principle, useful for the measure of ry (Sarazin &
Roddier 1990, Fried 1975), appears to be powerful for monitoring
preceding quantites.

In Sect.2, the variance for the motion velocity of a stellar
image is calculated in the case of a simple atmosphere model.
Section 3 describes the temporal behavior of the image motion
velocity phenomenon.

As structure function is well adapted to the DIMM measure-
ment, a structure function for the image motion velocity related
to the preceding variance is developed in Sect. 4.

Then, Sect. 5 gives a more realistic motion velocity structure
function derived from a complete model for the Earth’s atmo-
sphere.

The physics which can be made from these results, leading to
the diagnostic of optimum exposure times is discussed in Sect. 6.

2. Variance for the motion velocity of a stellar image observed
through a small telescope

The simple Taylor hypothesis is used to calculate, at the focus
of a telescope with a diameter D, the variance for the motion
velocity of one stellar image. Where D has to be smaller then ry.

The near field approximation is also used in this model: only
the phase variations of the wavefront at the ground level are
considered.

Let us take a(x,y), the angle of arrival of light in the x
direction and at the horizontal coordinates (x, y)
1(53) =~ 2 ol ) 1)
where ¢o(x, y) represents the phase on the wavefront at the
ground level. 1 is the wavelength.
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The Taylor hypothesis supposes that the atmosphere is con-
stituted by a single and “frozen” diffusing layer, transported at
the wind speed ».

The {rozen wavelront corrugation also should follow the layer
in its horizontal translation. Then, we can describe the tilt velocity
for the angle of arrival of light by

dx do dy fa

o
E{x’y) =7 E(x’ ¥+ s @(Xa ¥) 2.2)
where
%C— = |v]cos @
t (2.3)
9y = |p|sin @
ot

& represents the angle made by the direction of displacement of
the wavelront with the x direction.

From (2.1, 2, 3), the covariance for the tilt velocity of the angle
of arrival of light is:

d d
Bawaulpm) = < STyt n)> (24)

AN L/ i
Bowsor(u,m) = " cos” @ E(Do(xs)’)ﬁ%(x‘l‘#:y'l‘ﬂ)

. 2% o2
+sin’ # < 3y ®alx, y)m(ﬂo(x + oy + '?)>

. i &
+2sin & COSO<5}3%(x’y)é}6_y%(x+“’y+m>] . (2.5)

As the process considered above is stationary and ergodic,
its covariance is also equal to its autocorrelation function. From
the Wiener-Khintchine theorem, the Fourier transform of the
autocorrelation By,a(u,#) is the power spectrum density for tilt
angle velocity of o : Waya(fx. f,), where f = (f..f,) is a spatial
frequency vector expressed in m ',

Relation (2.5) leads to:

Wasser(fx, fy) = 4720 (cos® 0fF + sin” 0212
+ 2sinfcos szfy)Wq,o(fx,fy) ;

The power spectrum density W, (f. f,) for the phase ¢ is
given by F. Roddier (Roddier 1981} in the near field approxima-
tion (Appendix A)

(2.6)

Woo (s fy) = 02295, f 71173 2.7
Considering now the pupil filter function
2
2J:(nDf)
Wowsoriie (f fv) = Wanrae(Fa 1) - [—ITE(D—]“L] (2.8)

where Wy a.6:. becomes the power spectrum density for image
motion velocity filtered by the pupil function. J, is the first order
Bessel function.

The variance for the image motion velocity of one stellar
image seen through a telescope of diameter D is then

do ?
B(jrz/af((),()) = E(x! y)

+oo
= [/ Woasangin (Fx, fr)df (2.9)

We find (Appendix B) after integration of (2.9) and using
(27,6,9),

Banard0,0) = 0128220, P D13 2c08* 0 4 1) . (2.10)

5/

- . . . —5/3 . -
This variance is wavelength independent as ;™ is proportional

to A2

3. Temporal behavior of the stellar image motion velocity

The power spectrum density (2.8) can be expressed as a function
of temporal frequencies: v in Hz, by the use of the relation
(Hufnagel 1978),

2 [
Wonjar (s Fy) = S / Wassoufin, (%f}') df,. (3.1)

Here v is supposed to be parallel to the x direction.

The following curves {Fig. 1) are obtained after numerical
integration of {3.1). The parameters for the computation are:

() D=0.07m.

(2) ry = 0.1 m for the visible.

(3) » has been chosen respectively equal to 10ms™, 20ms~!,
30ms L.

Figure 1 shows that spectrum grows and shifts forward high
frequencies when v increases.

4. Structure function for the motion velocity

The DIMM principle has shown its ability for the measure of
seeing angle (Pedersen et al. 1988). By the help of differential
method for the measure of image motion, vibrations or tracking
error of telescope are naturally substracted to the signal of our
intercst.

The structure function for the motion velocity of stellar image

Daysae(u, n) is given by the relation
2>

By definition, structure function is related to covariance,

o Ot

3 (x,y) — 3 (x+uy+m (4.1)

Doyt n) = <

Daajorltt, 1) = 2 (Bansar(0,0) — Bawsae(it, 1)) 4.2)
where

+00
Bgoja (0} = j] Wesarsie (o f ) cos2rp - f)df . {4.3)

Unfortunately, this integral does not have a simpie analytical
solution, and, generally, one has to compute it numerically.
Baysa{p, 17) can be decomposed in one covariance for the par-
allel motion to the two subpupils: Bayya.(u, %}, and one covartance
for the perpendicular motion: Ba,y sz (2, 1)
It follows (Appendix C):

Bowyse: (11, 0) = A20%r, [ A{ut, 0y cos® & + B(w, 0 sin® 6] (4.4)

Bans o1, 0) = 22071y [Clut, 0) cos® 6 + B(w,0)5in’ 8] . (4.5)
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Fig. 1. Power spectrum density for stellar image motion velocity drawn
for several wind speeds: v = 10m s, 20ms !, and 30ms!

The coefficients A(y, 0, B(i,0), C(y,0) are presented in Ta-
ble 1 for a pupil diameter D = 0.07m, and for several pupil
separations p.

Choosing for example a pupil separation of 0.20 m, structure
functions for || and 1 image motion velocites are then (2.10),
(4.2,4,5),

637

Table 1. Covariance constants for several pupil separations and
for a pupil diameter equal to 0.07m

Separation: ¢ A, 00 B(p,0) C(p,0)
(m)

.15 —3.58 —402 920
0.20 —1.69 —215 457
0.25 —058 —130 255
0.30 —0.62 086 175

Diajoe = A2y *0?(128.8 + 252.8 cos™ ) (4.6)

Diwrjer = 421y *P14(373.4 — 2453 cos?8) @.7)

where covariances Bgq /o (¢, 0) and Ba, 0 (1, 0) represent only a
contribution smaller than 3% in the above equations (4.6) and
4.7).

5. Atmosphere constituted by multiple thin torbulent layers

To adapt this structure function to the real atmosphere, one can
consider that turbulence is located in several and independent
thin diffusing layers.

Holding the near field approximation, each of these layers
adds its effect to the deviation of the angle of arrival «:

dot i do;
— h
ar (x,y) = Z b (x.»,

h=0

(5.1)

where o, is the deviation caused by the diffusing layer located at
altitude h. « is the total deviation observed at the ground level.
From Appendix D, it follows:

2 —1
A A K 3
Begsar (i, 1) = (g) [(522 + —;—) <§(x,y)£(x +uy +n)>

— A doc O
+ (vf + 7) <@(x,y)@(x + iy + n)>](5-2)

Therefore, this statement leads easily to a new variance for the
image motion velocity and a new structure function in the case
of a more complete atmospheric pattern.

From (2.10}:
Bioya(0,0) = 0.1282%; D77 (#% (2 cos? 0 + 1) + 2A17) (5.3)
and from (4.6,7):
Diayyae = A2y 2 (52(128.8 -+ 252.8 cos B) + 255.2A0 ) (5.4)
Dawsjor = A2y P (@(373.4 — 2453 cos? 0) + 250.6A0") (5.5)

where cos’ ¢ has been averaged for the terms containing A
which have isotropic effect on the motion velocity of a stellar
image.

7 is an averaged velocity for the turbulent layers, § its direc-
tion,

5 = [M]z

5.6
[ Cc2hydn 69
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and Av is the standard deviation of the distribution of wind
velocity weighted by the turbulent structure coefficient,

2 _ | o () Chid
i czman

(5.7)

6. Discussion

The image motion velocity structure functions (5.4) and (5.5)
depend on four physical quantites of importance r, Av, 7 and
0, leading to the diagnostic of optimum exposure time for high
resolution imaging modes.

(1) The Fried parameter r; can be supposed known by ap-
plying the DIMM theory.

(2} Av is the same parameter which was described in the
introduction. It has been measured by radiosonde wind profile
ballons during LASSCA campaign (VLT report No. 60) and led to
a calculated speckle life time value found with a good agreement
with some direct measurements.

(3) 7 is not exactly the same averaged velocity for the turbu-
lent atmosphere »” that we speak about in the introduction,

. foH lo(W)|*3 C2(hdh v
o=
J7 ca(h)dn

6.1)

Nevertheless it can be a good estimator of v*.

{4) 0 is another parameter of interest, because it should help
for modelizing the non-isotropic effect for fringe exposure time
of long baseline interferometry.

It should also relate more accurately the optimum response
time for adaptive optic to the atmosphere.

Let us now give a physical meaning to the method and show
how ecasily the considered quantities can be measured with a
DIMM:

Normally structure functions (5.4) and (5.5) must be used
in their complete expressions, but as covariances By and
By e are much smaller than B, (0,0) in Egs. (4.6) and (4.7),
their effects will be neglected in this discussion for the sake of
simplicity. The structure function for image motion velocity can
hence be approximated by twice time the variance B, sa:(0,0}
(5.3}

Daysac = 0.2562%, D72 52 (2cos? T+ 1) + 2A0%) (6.2)

Table 2 gives some didactic particular cases showing the
shape of the variance B, (0,0) in any direction of measure in
the horizontal plane.

(1) When Av' = 0, then the graphic representation of the
variance is a “rosette des vents” elongated in the direction of
wavefront corrugation displacement 8. Long axis of the rosette-
small axis ratio is then equal to 3. This particular case should
exist if Taylor hypothesis is satisfied.

(2) ©* = 0, then the value of the variance is not depending on
the direction of observation. A circle proportional to Av’ for the
plane representation of the variance reveals the isotropic phasis
boiling phenomenon on the wavefront.

(3) More realistic conditions are probably a mixing of Av and
U in any proportions, leading to a long axis—small axis ratio for
the rosette between 1 and 3.

Clearly, 0 is still given by the direction of elongation, and,

Table 2. Some representations of agitation velocity variance in
any direction of measure for particular atmospheric parameters.
0 = Angle between the x axis and the wavefront corrugation
displacement direction. y = Angle between the x axis and the
direction of measure for the variance. R polar radius, [R| =

31077 rd?/s’

Atmospheric  Effect on the Image motion velocity variance

parameters wavefront

Av=10 Taylor &
#=10ms™!  hypothesis v
0 =20 7
Avr=10ms~' Boiling phase

=0

Av=4ms™! Boiling + Taylor

7=8ms'

8=00r

Av = 8ms!

p=4ms™’

0=70

from the measurement of Ba,ys for 8 = 0° and for # = 90°, ¢ and
Av can be recovered using (6.2)

- Digosano=0 — Digasan.o=sn
0.51242r,* D113

=1}

(6.3)

Diagrano=0 — 3D@nsen,0=090

Av =
102472 > D=1

(64)

The method presented here will be tested at ESQ La Silla,
using an adapted version of the DIMM aiming at measuring im-
age motion velocity. This instrument should resolve the evolution
of motion on the wavefront and therefore sample positions of a
stellar image at a frequency around 50) Hz, as shown in Sect. 3.

The future monitoring of these physical parameters, and
therefore, the monitoring of the optimum exposure times will
aim to adapt the next astronomical program in high resolution
imaging modes to the random behavior of the turbulent atmo-
sphere.
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Appendix A

W, (f.. fy) given by Roddier (Roddier 1981) in the near field
approximation is

H
Wey (fx fy) = 0.38272f 71177 / Clidh
C

valid in the inertial range of Kolmogorov

1 1
L%

where L is the outer scale of turbulence and I the inner scale,

Wy (fx fy) can be related to the Fried parameter,

3/5

Ir
o = [0.423 k2 [ c,f(h)dh]
S0

where k is the wavenumber of the vibration,

k=2

i
leading to

Welf fy) = 0.0229;10‘5/3)«711/3 '

Appendix B

Relation {2.11) gives

a0
Boe:(0,0) = 4n° A2’ ]/ (cos2 0f1 + sin’ bfif;
—_
+2sin6 cos 8fif;) (0.02297, /2 1173

20 (mdf) 1°
X [—;(gff)] df .

An approximation is made when extending the Kolmogorov field
of validity for low: frequencies between 0 and 1/Lg. For high
frequencies side, formalism is correct, the pupil filter cut off
frequency being smaller than 1/4;.

By passing to a polar coordinate system:

{fx = pcosy

fy = psiny

and after integration over y, the integral becomes proportional
to
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o
Bayse:(0,0) ~ / p A (nDp)dp
0

which has an analytical solution (Gradshteyn & Ryzhik 1980).
Since,

Broyz(0,0) = 0.1282%0%°° D (2 cos? § + 1) .

Appendix C

According to

+00
Booy (. 0) = // Wansenfin (v Fy} cosrpf Hdf .

Substituting 4 by 6 + 2/2 and permuting f, and fy in
Waarermn (s f)) leads to,

+a0
Bsaysar(p,0) = / Wonsai e, 0mt4ns2 (Fy, frx) cOsQruf)df .

Then both covariances can be written
Biapsa(11,0) = 220%r " (Acos® t + Bsin? §)

Bast e, 0) = 42677 (B cos? 0 + C sin? 0)

where
16 ™ 4p-17/3 12
= Ef . Fof 7P (rDf)y cos(2rpf,)df
16 T 2 p—17/3 y2
= E/f L f 7P T (nDf) cos(apf)df

= 11—)65 / wf;‘f*”/ﬂif(nuf)cos(znufx)df.

Appendix D

H H
dot Fily
Boajarlpn) = <Z —a—:(x,y)z a—:(x+n,y+n)>- (D1)
h=0 k=0
Covariance becomes
H
Baoserlpty) = <Z M”( y) (x +uy+ n)>
h=0
< Ju
h
+2<§Zﬁ ) (x+u,y+n)> (D2)
0 =

Since the diffusing layers are assumed to be independent, the
intercorrelation component of this relation is equal to zero. Let us
constder that the layers are so thin, that we can write continuously
over the atmosphere:

Bawsan) = </ Oey —(x, y) (x +uy+ 'T)dh>
¢

it comes,

(D3)
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B 2 H
A du feled
Bayor(t ) = (m)[ (v%coszﬁ;,(a—;( )—“(x+ﬁ1y+n)
]

+ v} sin’ 0h< (X+Lt,y+ﬂ}>

+2vh sin & cos & < 7% (x y) (x +uy+ 11)>) dh. (D4)

The term in sin cos § dos not have contribution for the calcula-
tion of parallel and perpendicular covariance.

1t remains,
AN fH
Bouor (i) = (E)[ (v500820h<—( %y 3 (x+#,y+n)>
40
don. @
+07 sin 9h<0y )ﬁ(x+n,y+n)>)dh. (DS)

The refractive index structure coefficient C2(h) expresses the
amount of atmospheric turbulence for optical propagdtion lo-
cated on the altitude layer h, using it,

(o)
Cz(h)

=t (B ) oty )
A“J"OHC,%(h)dh ax W ¥ ax Hy i -

(D6)

By writing

{v;, cos 8y = v, + Av.(h)

. e (D9-D10)
vy sin Oy =3, + Avy(h)

with
! C2hywx cos Byl
[ cimdn

T c2hwsin B,dh
T, =
! [T czman

(D11-D12)

7, and ¥, are averaged velocity for the layers weighted by their
degree of turbulence C2(k).

Ap.(h) and Ap,(h) are dispersion of velocity for the wind
speed and for the located layer A.

Equation (D35) becomes

A\ 1 H
— - . 232
Biujo: (1) = (“m) T [([) 5.2C2(hyd

H H
+ [ CrMAG (h)dh + 2 / . E'Avx(h)cf(h)dh)
S0 S0

da
X<a (xy) {x+/z,y+n)>
o H
+ ( / 0, Ca{h)dh + / Cr*(h)AvZ(h)dh
0 0

H
+2 / EAvy(h)Cf(h)dh)
1]

© European Southern Observatory +

P <$(x,y)?a(x+u,y+n)>] : (D13)
dy ay
By definition of ¥, and ¥,
i
/ A (MC2(ydh =0
¢ (D14-D15)

H
[ TyAr, (W) Cn(h)dh = 0
SO

then,

— o o
Bk n) ( ) [ 2+ A, )<a(x= y}gg(x +uy +7?)>

6 -
+( +30, )(%(x,y}%(x+u,y+n)>] (D16)

with
- _ I a2
i  (€indn D17-D18
_ Y AR (D718
17 canydn

Physically, the effect of Au,c2 and A_vyz is to introduce on the
wavefront a boiling component for the phasis of the incoming
light. Though the velocity dispersion has a main direction, the
statistic of this phasis boiling on the wavefront is isotropic.

For this reason, one can simplify the relation (5.15) by saying:

- . Apt

ZRITEE (D19)
with

(0 R w) i

A= (D20)

Jczman
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